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Resumen

En esta disertacion se estudia la convergencia-I" de funcionales integrales en el
contexto no periédico. En concreto, introducimos una nueva condicién suficiente,
designada por Composition Gradient Property (CGP), que nos permite calcular
explicitamente la densidad de la energia limite de sucesiones de funcionales integrales
no periodicos. La densidad se representa, a través de un problema de minimizacién,
usando la medida de Young asociada a la sucesién de funciones que determinan
la sucesion de funcionales. La condicion CGP es una condicién estrutural de la
sucesion de aplicaciones, que definen la sucesién de funcionales, tal que si no se
verifica, entonces el limite-I' no se puede representar explicitamente. Se estudian
algunos ejemplos interesantes.

A continuacién, se estudia la convergencia-I" de funcionales cuadraticos con
perturbaciones lineales oscilantes, en los contextos no periédico y peridédico
con multi-escalas. En el contexto periddico con multi-escalas, obtenemos una
representacion completa, de los coeficientes cuadratico y lineal, de la densidad de la
energia limite en dos casos distintos. En el primer caso, se considera que ambos, los
coeficientes cuadratico y lineal de las energias, oscilan en la misma familia de escalas
de oscilacién separadas; mientras que en el segundo las oscilaciones son en distintas
familias de escalas. Es importante resaltar que el coeficiente lineal homogeneizado
depende de la interaciéon entre los comportamientos oscilantes de los coeficientes
cuadratico y lineal, de las densidades de las energias.

Finalmente, estudiamos la convergencia-I" de funcionales cuyas densidades son
diferentes potencias, p y ¢, de la norma del gradiente, que dependen de la
estructura espacial laminada. Concluimos que la densidad de la energia limite
es una combinacién convexa de las diferentes potencias. Ademds, generalizamos
este resultado para sucesiones de funcionales con cualquier densidad convexa con
crecimiento no estandar, dependiente de dicha estrutura espacial.

'De acuerdo con el Articulo 14, Mencién europea en el titulo de Doctor, del Real Decreto
56,/2005 de 21 enero, por el que se regulan los estudios universitarios de Postgrado, y de acuerdo
con la normativa de la Universidad Complutense, la presente Tesis Doctoral es redactada en espanol
e inglés.
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Abstract

In this dissertation we study the I'-convergence of integral functionals, in
the general non-periodic setting. Namely, a new sufficient condition, called the
Composition Gradient Property (CGP), is introduced in order to compute explicitly
the limit energy density of families of non-periodic integral functionals. The CGP
is a structural condition on the sequence of mappings, which defines the sequence
of functionals, so that if it is not satisfied, then the density of the I'-limit cannot
be explicitly represented. Under this condition, the limit energy density is fully
characterized, through a minimum problem, by the Young measure associated with
the sequence of functions which determines the sequence of functionals. Some
examples are explored.

On the other hand, we study the I'-convergence of quadratic functionals, with
oscillating linear perturbations, in the non-periodic and multi-scale periodic settings.
In the multi-scale periodic setting, we achieve an explicit characterization, of
the quadratic and linear coefficients, for the limit energy density in two different
situations. In the first one both, the quadratic and the linear coefficients, oscillate
at the same family of separated length scales; while in the second one, they oscillate
at distinct scales. We stress how the homogenized linear coefficients depend on the
interaction between the oscillatory behaviours.

Finally, we study the I'-convergence of sequences of functionals whose densities
are powers of the gradient norm, with different exponents depending on a laminate
spatial distribution. This analysis leads to the conclusion that the limit energy
density is a convex combination of different powers. We generalize this result to
sequences of functionals with general convex densities satisfying a non-standard
growth condition, which depends on a laminate spatial structure.

Key words: [I'-convergence, homogenization, multi-scale problems, weak
convergence, Young measures, p-laplacian

AMS subject classification: 35415, 35B27, /9J40, T/K20

111



v

Abstract




Acknowledgements

I wish to express my deep gratitude to my advisor, Prof. Pablo Pedregal, for
sharing with me very interesting mathematical problems on the edge of today’s world
research. I thank him for many stimulating discussions, during the last four years,
and for his patience and understanding of the difficulties of beginners. I am thankful
for the financial support he provided through the Universidad de Castilla-La Mancha
to participate in several interesting conferences.

I am extremely grateful to the Mathematics Department of Universidad de
Castilla-La Mancha, where my mathematical research took place during these four
years.

I would like to thank Prof. Gianni Dal Maso for the very pleasant and gratifying
three-month stay at SISSA (International School for Advanced Studies) in Trieste
(Italy).

I am also thankful for the hospitality and the financial support of the Centro di
Ricerca Matematica Ennio De Giorgi of Scuola Normale Superiore in Pisa (Italy)
during my one-month stay.

I would like to thank Prof. Anténio Ornelas for enthusiastically guiding my first
steps into the world of international mathematical research, leading to my choice of
advisor.

I thank my Spanish colleagues for teaching me the Spanish way of life, and for
the hospitality during my stay in Ciudad Real and Madrid. Because of them, the
last five years were so pleasant.

This dissertation was supported by Consejerfa de Educacién y Ciencia of Junta
de Comunidades de Castilla-La Mancha under PhD Grant N. 04/037.



VI

Acknowledgements




Contents

List of Figures

List of Notations

1. Introduction

I Preliminaries

2. Convergencia-I' de funcionales integrales

2.1.
2.2.
2.3.
2.4.

La nocién de convergencia-I" . . . . . . . .. ... ... L.
Representacién integral de limites-I" en espacios de Sobolev . . . . .
Convergencia-I" periddica . . . . . . . .. ...

Convergencia-I" periédica con condiciones de crecimiento no estandar

3. Homogenization of elliptic equations

3.1.
3.2.
3.3.

3.4.

The classical convergence result for periodic structures . . . . . . . .
Reiterated homogenization by the multi-scale convergence method

Convergence results for periodic structures whose source term varies
withe . . .. o

The notion of H-convergence . . . . . . ... ... . .........

4. Analysis of Young measures

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.
4.7.

Young measures associated with LP-sequences . . . . . . . ... ...
Homogenization and localization . . . . .. ... ... ... .....
Oscillations and concentrations . . . . . . . ... ... ... .....
Gradient Young measures . . . . . . . . . ... ..o
Laminates . . . . . . . . ...
Decomposition of sequences of gradient . . . ... ... ... ....
Multi-scale Young measures . . . . . . . ... ... ...

IX

XI

21

23
24
26
29
31

33
34
36

39
42

45
45
48
49
o1
93
95
57



VIII CONTENTS
II Main Results 61
5. I'-convergence of non-periodic integral functionals 63
5.1. Introduction . . . . . . . . . .. L 63
5.2. The Average Gradient Property . . . . . . . ... ... ... ..... 67
5.3. The Composition Gradient Property . . . . .. ... ... ... ... 71
5.4. Sufficiency of the CGP . . . . . . .. ... ... ... ... ... ... 75
5.5. Explicit characterization of the density of the I-limit . . . . . . . .. 81
5.6. Examples . . . .. ..o 83
5.6.1. Laminates . . . . . . . . . . ... 83

5.6.2. Non-periodic sequences . . . . . .. . .. ... ... 86

6. I'-convergence of quadratic functionals with oscillating linear

perturbations 89
6.1. Introduction . . . . . . . . . ... . 89
6.2. The general one-dimensional case . . . . . . . ... ... ... .... 94
6.2.1. Examples . . . . . ... 100

6.3. The periodic n-dimensional case: same scales . . . ... ... .. .. 101
6.3.1. Onescale . . .. ... ... ... ... ... 102
6.3.2. Multi-scales . . . . . . .. ... ... 104
6.3.3. Example. . . . . . . ... 113

6.4. The periodic n-dimensional case: distinct scales . . . . . .. ... .. 114
6.4.1. Twoscales . .. ... . . . .. ... .. ... . 114
6.4.2. Multi-scales . . . . . . . . ... ... 117

6.5. The non-periodic multi-dimensional case . . . . . . ... ... .. .. 122
6.5.1. Examples . . . . . . . .. ... 124

7. I'-convergence of laminates with non-standard growth conditions 127
7.1. Introduction . . . . . . . . . .. 127
7.2, Mainresult . . . . . . . . . . .. 130
7.3. Proof. . . . .. 131
7.4. Example: aj(x)-laplacian . . . .. .. ... 0oL 134
A. Appendix 137
A.1. Slicing decomposition of measures . . . . ... .. ... ... .. .. 137
A.2. Carathéodory and convex functions . . . . . ... ... ... ..... 138
A.3. Curl and Green’s formula . . . . .. ... ... ... ... ...... 140
A.4. Generalized Lebesgue and Sobolev spaces . . . . .. ... ... ... 142
A5, Auxiliary lemmas . . . . . ... 143

Bibliography 145



List of Figures

1.1. Layered composite material in a region 2. . . . . . . ... ... ... 7
5.1. Coverings of B(z,r;) and suppog. . . . . . .. ... 68
5.2. Laminate satisfies the AGP. . . . . . ... ... ... ... ...... 70
5.3. Curved layers centred at the origin. . . . . . . . ... ... ... ... 79
5.4. First order laminate. . . . . . .. ... ... L 84
5.5. Second order laminate. . . . . .. .. ... oL 86

IX



LIST OF FIGURES




List of Notations

Q : an open bounded set in R™

= 0 : the boundary of Q

= || : the Lebesgue measure of (2

» A(Q) : the family of all open subsets of

=@ = 0.1

» Y = (0,¢1) X ...%x(0,¢,) for some positive numbers cy, ..., ¢,
= a-b : the inner product of two vectors

= a®b = (a;b))i; € R

= a || b: the vectors a and b are parallels

» = [z]+ (z) : [z] is the integer part and (z) is the fractional part
= AT : transpose matrix

» R = RU{—o00,+00}
RIX™ . the space of d x n real matrices

» C(R™) : the space of continuous functions f : R" — R

» C°(Q2) : the space of indefinitely differentiable functions with compact
support in 2

= p =5 the conjugate exponent of p > 1 for which % + ]% =1

g Wol’p(Q; R9) : the closure of C5°(Q;R?) in the weak topology of W1P(€;R%),
for every 1 <p < o0

. Wol’oo(Q; R9) : the closure of C§°(Q2; RY) in the weak* topology of W1 (Q; R?)

XI



XII

LIST OF NOTATIONS

Wpléff (Q; R?) : the closure of all Q-periodic functions in C1(Q; R?), in the weak
topology of W1P(Q;R?), for every 1 < p < oo

Hy(Y) = Wy (V;R)

Hyo(Y) = Wpir(Y3R)

W—L# (Q;R™) : the dual space of W, (Q; R")
W1P@)(Q) : generalized Sobolev Space (see Appendix)
— : strong convergence

— : weak convergence

—* : weak* convergence



Chapter 1

Introduction

This dissertation focuses on the study of the I'-convergence of integral
functionals, in the non-periodic setting, and the homogenization of second-order
elliptic equations (in divergence form), and p-laplacian equations.

I'-convergence is a variational convergence on functionals. Given a family of
functionals I. defined in the space X., depending on a parameter £ > 0, the
I'-convergence is based on the analysis of the asymptotic behaviour of minimum
problems

min { I.(u) : ve X, } (1.1)

as € goes to 0. The I'-limit is a functional I obtained having in mind the aim that
minimizers u. of (1.1) converge, in an appropriate topology, to a minimizer of the
limit problem

min { I(u) : ve X },

where X is the domain of I. More precisely, the I'-limit [ is a lower bound for the
family {I.}, in the sense that

I(u) < lirgn\iglf I (ue),

for every sequence {u.} converging to u, which is attained, ie
I(u) = lim I.(u.),
(W) = lim L(u)

for some sequence of minimizers u. of I.. See [17, 24, 26, 27].

A widely treated problem in the literature is the I'-convergence of integral
functionals of the form

I.(u) = /g)f(j,Vu(x)) dx (1.2)

1



2 1 Introduction

defined in an appropriate Sobolev space, where f(y, A) is periodic in the first
variable, and satisfies a natural growth condition with respect to the second one.
This type of integrals models various phenomena in Mathematical Physics. For
instance, we may consider an elastic material, periodic in the cell with side-length
g, in a region . Then I.(u) stands for the elastic energy of such material under the
deformation u. A natural question to ask is: how does the elastic material behave
when the side-length € goes to 07 The answer leads to the study of the variational
convergence of the energies I.. In this case, it is well known that the I'-limit is an
integral functional whose density is explicitly characterized. Namely, if the energy
density f: R™ x R¥™ — R is Q-periodic in the first variable, and satisfies a growth
condition of order p in the second one, then the sequence of functionals I. given by
(1.2), and defined in W1P(Q; R?), is T-convergent, as & goes to 0, to the integral I
defined by

I(u) = /thom(Vu(a:)) dx.

Here @ is the unit cube in R™. The limit energy density fhom : R*" — R is the
homogenous function defined by

from(4) = Jim it (A V) dy.
T—oo yewr?(TQRY 1T JTq
A key point in the characterization of this limit energy density fponm, is the periodicity
of f in the first variable, which implies that the sequence {f (%, Vu(-))} oscillates
periodically in €. See, for instance [15, 16, 18, 24, 26, 39, 42, 67].

Now, we may ask about the explicit representation of the I'-limit when the
energy density is a non-periodic function, and the integral functional I. depends on
the parameter ¢ in a different way. As far as we know, the explicit characterization of
the limit energy density in this general non-periodic setting was studied, for the first
time, in [50] three years ago. Therefore, in this dissertation (Chapter 5) we pursue
the study of the explicit representation of the limit energy density of sequences of
functionals of the form

L(u) = /Q W(a.(x), Vu(z)) dz, (1.3)

defined in the Sobolev space W1P(Q), where the continuous energy density W :
R™ x R™ — R is non-periodic in the first variable, and satisfies coercivity and
growth conditions of order p with respect to the second variable, for any given
sequence {ac}.

Such study is undertaken by using Young measures as a tool. Since the notion
of Young measure has been developed, in part, as a useful tool to treat minimum
problems in the Calculus of Variations, it seems natural to use it in the treatment of
variational convergence. Young measures are families of probability measures which,



often associated with oscillating sequences, describe their oscillatory behaviour and
give a representation of the limits of the composition with non-linear quantities. See
[49, 64, 71].

Clearly the I'-convergence of the sequence of functionals I, given by (1.3) depends
on the sequence {a.}; in other words, to effectively compute and understand the T'-
limit one needs to analyze the structure of {a.}. Thus, we investigate sufficient
conditions on the sequence {a.} which enable to represent the limit energy density
by means of the Young measure associated with {a.}. In [50] it was introduced a
sufficient condition, called the Average Gradient Property (AGP). Roughly speaking,
a sequence {a.} satisfies the AGP if averages of gradients over “level sets” of a. are
gradients themselves. Though this is a sufficient condition to represent explicitly
the limit energy density, it is not easy to handle, because, in general, it is hard to
verify whether {a.} satisfies the AGP. More precisely, in order to verify whether the
sequence {a.}, with associated Young measure o = {0, },cq, satisfies the AGP, we
should fix a point x € (2 and follow the procedure:

» First, take a sequence r. N\, 0 for which the rescaled sequence {ac(z + r:)},
defined in the unit ball B, generates the homogenous Young measure o,,.

= Secondly, a covering by pairwise disjoint balls of the support of o, should be
built for each €, so that the sequence of piecewise constant fields V., defined
as the average, over each inverse image (by a-(z + 7)) of such a covering, of
an arbitrary gradient Vo, is well-defined.

= Finally, it remains to check if such sequence of fields, for any arbitrary given
gradient field Vv, is approximated by a sequence of gradients.

It is not difficult to convince oneself that this process may be cumbersome and
tedious some times.

In this way, our aim is to find a new sufficient condition easy to implement.
Indeed, we introduce and explore a much more tangible condition, called the
Composition Gradient Property (CGP), for reasons to be understood soon. This
new condition leads to a rather clear way of understanding the structure of the
sequence {ac}, for which the density of the I'-limit can be explicitly computed. In
order to understand how the CGP comes out, let us recall briefly the process of
finding the I'-limit, through Young measures, of the sequence of functionals given
n (1.3). Consider a weak convergent sequence {u:} to u in WHP(Q), such that the
Young measure associated with the sequence of pairs {(ac, Vu.)} may be decomposed
as {trz ® 0z }eeq, where 0 = {0, }zcq is the Young measure associated with {a.}.



4 1 Introduction

Then we get the following estimate :

liminf [ W(a.(x), Vus(z)) de > /Q/m - W (A, p) dug a(p) dog(X) dx

N0 Jo
/Q/ L (Av /R p duz,x(p)> dog(\) dz,

where CW (A, -) represents the convex envelope of W(A,-) in R”, for any A € R™.
Since o is the Young measure associated with {a.}, if we define the map ¢ : QxR™ —
R” by putting

v

p(x,\) = / p diz \(p),
it holds

/Q/MCW (Aa/np dum(p)) doy(\) dz = lim [ CW(ac(z), p(z,a-(z))) da.

e\0 [9)

Notice that the composition sequence {p(-,a-(-))} consists in a reorganization,
through averaging, of the sequence {Vu.}, over “level sets” of {a.}. Basically,
the AGP condition is tailored to ensure that the sequence {¢(-,a-(-))} may be
approximated by a sequence of gradients. If such sequence does not furnish a
sequence of gradients, then there is not much that can be done to determining
the density of the I'-limit, because we can not recover a sequence of gradients for
which the above inequalities are in fact equalities. Therefore, we say that a sequence
{a.}, with associated Young measure o = {0, },cq supported on R™, satisfies the
CGP condition provided there exists a Carathéodory map ¢ : Q x R™ — R" such
that, for a.e. z € €,

1. ¢(z,-) is one-to-one over the support of o,;

2. {¢o(z,a:-(x +re-))} is “essentially a sequence of gradients”, in the sense

Feurl oz, ac(@ + 7<) llw-ramy 5 0

for some sequence 7 \ 0.

So, whenever there exists an one-to-one map ¢ such that the composition {¢(a.(-))}
may be approximated by a sequence of gradients { Vv, }, ie {p(ac(-))—Vv:} converges
strongly to 0, in an appropriate Lebesgue space, we will say that the sequence {a.}
satisfies the CGP condition.

Moreover, we are able to prove that this condition implies the AGP. This
implication leads to concluding that, under the CGP condition, the sequence of
functionals I. in (1.3) is T-convergent (in the weak topology of W1P(Q)) to the
functional

I(u) = /QW(x,Vu(x)) dx,



where the density W : Q x R” — R is defined by

Wie.p) = inf { [ W) do) < o= / ey d%(x)}

with
Az = { ¢ :R™ — R" continuous, onetoone : || curl p(ac(z + rc-)) lw-1a(p) — 0}

for some ¢ > p > 1, whenever the sequence {a(z +r.-)}, defined in the unit ball B,
generates the homogenous Young measure o,.

In order to clarify the CGP condition and the above explicit representation of the
limit energy density, let us present two simple interesting examples. First consider
a sequence of piecewise constant functions a. : 2 — R™ defined by

as(r) = A1 X(ou) (g : 7_{) + Ay (1 — X(0,0) (g : ﬁ)) ,

where x(o,)(s) is the characteristic function of the interval (0,¢) over (0,1), extended

by periodicity to R, and 7 € R" is a unit normal vector. Notice that this sequence
may be treated in the periodic setting. The sequence {a.} generates the homogenous
Young measure o, supported on {41, A2}, given by

o = t5A1 + (1—75)5,42,

where 04, is the Dirac measure concentrated at A;. See [47, 49]. Recall that to
prove {a.} satisfies the CGP, it is enough to find an one-to-one, continuous field
¢ : {A1, A2} — R" such that the composition p(a.(-)), given by

plas(z)) = ©(A1) X(0.4) (g ' ﬁ) + p(A2) (1 = X(0,t) (g : ﬁ)) :

is “essentially a sequence of gradients”. For any field ¢ such that p(A41) # p(A2),
and the difference p(A;) — (Asg) is parallel to the normal vector 7, the sequence
{¢(as(-))} is indeed “essentially a sequence of gradients”. See [12]. Therefore we
conclude that the limit energy density of the sequence of functionals I, given by

z ﬁ) + W(Ag, Vu(x)) (1 — X(0,4) (g . 7{))] dz,

9

L@ = [ [WdLVa@) v (

is the homogenous function W : R” — R defined by

_ I
W(p) = min {tCW(ALBl)-i-(l—t)CW(AQ,BZ)  p=tBi+(1-1)B }
i ER™

Bi—By | n

It is remarkable that the density W is defined through a finite dimensional
minimization problem in this situation.
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For the second example, consider any function v € VVO1 P(D). For any open

bounded set 2, we may take a covering of {2 by pairwise disjoint sets :rgf) + rl(f)D,

with {x,(:)} C 2 and r,(f) < ¢. Then define the sequence of functions v, : 2 — R by
putting

RO

(e)
r—x
ve(x) = 7'](:) v <k ) it ze w,(:) + r,(f)D,
and consider the sequence of functions a. :  — R defined by a.(x) = V().
Clearly, {a.} is a sequence of gradients, and its associated Young measure o is

defined by

1
(o,0) = Dl /D ©(Vu(y)) dy, for every ¢ € Co(R").

See [49]. Then we conclude that the sequence of functionals I. given by

x—xf)
Lw) =Y /x (E)Jrr(E)DW Vv @ ,Vu(z) | d
k k k k

I'-converges to the functional I whose homogenous density W : R® — R is defined
by

. , 1 1 y _
W(p)zwevggg(m { M/DCW(VU(?/)anLVw(y)) dy : |D|/DV (y)dy =0 }

S0 0

The second subject matter treated in this dissertation (Chapter 6) is the
homogenization of second-order linear elliptic equations, in divergence form, with
oscillatory leading coefficient and source term. The homogenization theory consists
in describing the macroscopic behaviour of composite materials, which are obtained
by mixing microscopically several materials with different macroscopic behaviours.
In order to be more precise, let us describe the model problem of thermal
conductivity in a composite material. Consider two distinct isotropic materials,
say 1 and 2, with thermal conductivity a; and ag, respectively, so that the heat
conduction is the same in any direction (a; and ag are scalar). Take the composite
material obtained by mixing a layer of material 1 with a layer of material 2 in a
region €, such that

Q= QU and Qlﬁﬂgzw,

where 1 corresponds to material 1, and 2o to material 2. If f stands for the heat
source, then the temperature u(z) of the composite in the point x of the region 2
satisfies the Dirichlet boundary problem

{ —div [a(z)Vu(z)] = f(z) inQ
u = 0 on 01},



and the flux of temperature is given by

[ a@Tu@ no
a(z) Vu(z) = { az(z) Vup(z) i O,

where w;(x) is the temperature of material i at x, for ¢+ = 1,2. The physical
assumptions on this thermal problem are the continuity of temperature u and flux
of temperature a Vu on the interface of the two materials, ie

ui(z) = wug(x) on 0 N O
a1(z)Vur(z)n1 = ai(x) Vui(z)ne on 921 NN,

where n is the outward normal unit vector to 9€; and ny = —n;.

Moreover, we may mix the two materials by taking so many fine layers as we
wish so that, for each parameter ¢ > 0, with values in a sequence tending to 0, we
have

Q = QFUQs,

where

Q‘i:{acGQ:Xl(g):l} and ng{xEQ:X2<§>:1},

using the characteristic function y; of material i = 1,2, as follows.

Figure 1.1: Layered composite material in a region 2.

Then, for each ¢, the temperature u. of the composite material satisfies the problem

{ —div [a:(2)Vu:(z)] = f(z) inQ

U = 0 on 0}, (1.4)

with the thermal conductivity given by

x x ai(z) in Qf
a:(x) = ai(x - as(x Z) =
() 1@ (5) +aa()xs (5) { as(z) in Q5.
The aim of homogenization, in this simple example, is to describe the thermal
conductivity of the composite material in the region ) as € goes to 0, ie when
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the two materials are so mixed microscopically, that it looks like a homogenous
material from the macroscopic point of view. Mathematically, this means that the
main objective is to characterize the limit u of the sequence of solutions u. of the
Dirichlet problems (1.4), that is to find out the “homogenized” problem for which
the limit u is a solution. See, for instance [9, 14, 66].

A widely treated problem in the literature is the homogenization of elliptic
equations of the form

(P.) {_div [Ae(2) Vue(@)] = flz) — in Q

where {A.} is a sequence of matrix functions A. € [L>(2)]"*" such that a|p|> <
Ac(x)p-p < B|p|?, for some B> a >0, and f € H~(Q). The aim is to describe the
limit problem as € goes to 0, ie to prove the existence, and to represent explicitly
the “homogenized” coefficient Ag € [L°(£2)]™*™, such that the sequence of solutions
u. of (P.) converges weakly in H}(£2) to the solution of the, so-called, homogenized
problem
—div [Ao(x) Vug(z)] = f(z) in Q
) { =
0o € Hy(Q).

It is known that, under the above assumptions, there exists a subsequence {4, },

and a matrix function Ag € [L>°(02)]"*™ which does not depend on f, such that the

solutions of (P.,) converge weakly in H:(Q) to the solution of (Pp). This is a known

compactness result on H-convergence of sequences of matrices A.. See [44, 68|.
When the sequence of matrices A, are defined by

A(z) = A <§> a.e. in 2, (1.5)

for some matrix function A = [a;;] € [L>°(2)]™*"

, so that a;; is Q-periodic, for every
1 <i,j < n, the effective coefficient Ag has been explicitly characterized through
auxiliary minimum problems. Moreover, the effective coefficient Ay is also known in

the multi-scale periodic setting, where

T x .
A(z) = A <:n, LE) ZN(€)> a.e. in €,
for some matrix function A € [L®(2 x @ X ... x Q)]™*™ such that A(x,y1,...,yN)
is Q-periodic in each variable y, with 1 < k < N, and for some family of separated
length scales {li(¢),...,In(g)}. See, for instance [6, 7].

Another interesting problem is the homogenization of elliptic equations, with
oscillatory source terms, of the type

—div [Ae(z) Vue(z)] = fo(x) in Q
(Pfa) { Ug c H&(Q),



where {f.} is a sequence in H~1(£2). In the periodic case, where the matrices A,
are given by (1.5), if the sequence {f.} converges to fy, either weakly in L?(f2)
or strongly in H~1(), it is known that the sequence of solutions of (Py.) is weak
convergent in H{(£2) to the solution of the homogenized problem

—div [Ao(z) Vug(z)] = fo(zr) in Q
() { w € HMQ).

In this situation the homogenized coefficients Ag and fy are explicitly determined,
the first one through auxiliary minimum problems, and the second one is the limit
of {fe}. However, in the periodic case, when the sequence { f.} converges weakly to
fo in H=Y(€Q), one only has the weak convergence of a subsequence, of solutions of
(Pf.), to the solution of the homogenized problem

—div [Ao(z) Vu*(x)] = divg*(x) in Q
) T e m@

where g* € [L?(Q2)]". Notice that the source term div g* is not necessarily the weak
limit of {f:}. Moreover, it is computed in a rather elaborate way, using auxiliary
periodic test functions. See [21].

In this dissertation, our goal is to give a more transparent understanding of the
function ¢*, in the periodic and non-periodic settings, ie when both sequences {A.}
and {f.} are periodic, and when they are not. More precisely, we are interested in
studying the asymptotic behaviour of sequences of solutions u. of the problem

—div [A:(z) Vue(z)] = divb(z) in Q
) w e ),

where {b.} is a uniformly bounded sequence in [L*(2)]"

and in understanding how the interaction between the oscillatory behaviour of {A.}

, converging only weakly,

and {b.} may affect homogenization, ie the characterization of the homogenized
term g*.

Our study is undertaken from a variational point of view, through the study of
the I'-convergence of quadratic energies of the type

I.(u) = /Q [Vu(x)TAa(x)Vu(x) + bo(z) - Vu(z) | dx. (1.6)

2
Indeed, since equations in (P, ) can be considered as the optimality equations
associated with the above quadratic functionals I, the I'-convergence of {I.} to the
functional I implies the convergence of the solutions of problems (P;_) to the solution
of the homogenized problem, defined through the optimality equation associated
with I. Therefore, the homogenization of elliptic problems of the form (P;_) reduces
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to the study of the I'-convergence of sequences of quadratic functionals of the type
(1.6).

We study the I'-convergence of quadratic functionals I, with oscillatory linear
perturbations, in order to characterize explicitly the homogenized term g¢*, by
means of the joint Young measure associated with the sequence of pairs {(A., b:)}.
Moreover, we want to understand the influence of the sequences {A.} and {b;}
in such term. Thus we treat separately the general one-dimensional case and the
periodic multi-dimensional one, because the first one is simpler to handle, and a
more explicit characterization of the homogenized source term is obtained, in the
general setting.

In the general one-dimensional case (Section 6.2), we consider sequences of
energies of the form

IL(u) = /Q[a;(t) u' () + be(t) U (t) | dt

defined in H} (), for any sequences {a.} and {b.} weak* converging in L>°(Q), so
that {ac} is uniformly bounded away from 0. We achieve an explicit characterization,
of quadratic and linear coefficients of the limit energy density, through the joint
Young measure associated with the sequence of pairs {(ac,bc)}, and the one
associated with {ac}. Indeed, we prove that the sequence {I.} is I'-convergent
to the functional I defined by

I(u) = /Q Bt (1)) dt,

where the limit energy density ¢ : 2 x R — R is a quadratic function of the second
variable, given by

witr) = 2 4wk + WO [ )
R2 200

The functions ag : Q@ — (0,00) and k :  — R are defined by

1 ! 6
ap(t) = </ — dat(oz)> and k(t) = / — dn(a, B),
R & RrR2 &
through the Young measure o = {0 }1cq associated with {a.}, and the joint Young
measure 77 = {n; heq associated with the sequence of pairs {(ac,b:)}. Notice that
the first projection of 7 is . In the particular situation in which a. and b. are given

T () e
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(where (y) stands for the fractional part of y), we conclude

Yo(t,y)
a(y)

Remarkably, if the sequence {b.} oscillates faster than {a.}, for instance b. =
b (t, <€%>), then the homogenized function ¢g* is the weak* limit of {b.}, ie

1
ay = / a(y) dy and g (t) = ao/ dy.
0 0

1
g (t) = /0 b(t,y) dy,

and it does not depend on the oscillatory behaviour of {a.}.
Thus, if u. is the solution of the Dirichlet boundary problem

{ — g la(ui(®)] = Gb(t) inQ
Us € H[%(Q)a

the sequence {u.} converges weakly in HZ(Q) to the solution ug of the homogenized
problem
(P*) { - % [GO(t)ué](t)] = %19*“) in Q
up € Hy(Q),
with
g (t) = ao(t)k(t) a.e. in Q.

As far as we know, this is the most complete characterization of the homogenized
problem (P,) ever achieved.

In the periodic multi-dimensional case (Section 6.3), we focus on the study of
the I'-convergence of functionals

I.(u) = /Q [Vu(a;)T Agz(a:) Vu(z) + be(z)- Vu(x) } dx (1.7)

defined in H{(Q), where

= i) i)
)}

for any family of NV separated length scales {l1(¢), ..., In(¢)}. It is important to point
out that the results we have obtained do not depend on the number of separated
length scales. We assume b € [L°(Q x QM)|", and A = [a;;] € [L®(Q2 x Q)™ to
be a symmetric matrix function satisfying a|p|? < pT Ap < B|p|?, for some 0 < a < 3
and every p € R™. In this situation both sequences, {A.} and {b.}, oscillate at the

and
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same family of separated length scales. For the sake of simplicity, consider the
example where the oscillations are of order ¢, besides

T T

Ac(x) = A (<—>) and be(z) = b (x, <g>) a.e. in x € Q.

e

Our conclusion is: the I'-limit of the corresponding sequence of functionals is
1) = | iz, Vula) da,
Q
defined in H}(Q), where ¢ : Q x R™ — R is given by

A
Y(x,p) = pTTOp + g (@) p + c(x).

The constant matrix Ag € R™*" is defined by
Ao = [ (ot [Fu @) Aw) (G + (Fu) d

where I,, is the n x n—identity matrix, and [Vw(y)] is the n X n—matrix whose
columns are the vectors Vw;(y), 1 < j < n, with w; solution of the cell problem

(~E AT =0
wj € Hp,(Q),

for some basis {ey,...,e,} of R™. The linear coefficient g* : 2 — R™ is defined by
7@ = [ Ut Fu @) (A)T,0) + b)) dy

where z(z, -) solves

{ —divy [A(y) Vyz(z,y)] = divy b(z,y) in @
Z(:E, ) € H]%er(Q)a

and

@) = [ Voete)® | BV + b | dy

Thus, clearly, the sequence of solutions of

{ —div [A({(%)) Vue(z)] = divb(z, (L)) inQ
u. € H(Q)

converges weakly in Hg () to the solution of

{ —div [AgVup(z)] = divg*(z) in Q
uy € H&(Q)
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Notice that the field g* is not the weak* limit of the sequence {b.} = {b (-, (%))}
Once we have pursued the previous study considering sequences {A.} and {b.}
oscillating at the same family of separated length scales, one may ask : what happens
if {A:} oscillates at a family of length scales distinct from the one where the
oscillations of {b.} take place? Is the homogenized source term g¢* the same as
before? In order to answer these questions, we also study the I'-convergence of

functionals I, given by (1.7) where

ato) = Ae (5 ) (555)
) = (o (5 ) ()

for any family of M separated length scales {li(g),...,In(€),Int1(€),...,lm(e)}
(Section 6.4). Here the sequence {A.} oscillates at different length scales, distinct
from the one of {b.}. Let us illustrate the results obtained, by considering the
simpler case of two distinct separated length scales: e and 2. Namely, in case

A(z) = A(<:—2>) and  bo(z) = b<x<§>)

we conclude that the limit energy density is given by

and

A
Wa.p) = p" o + bol@) - p + da).

The effective matrix Ap is the same as in the previous example, while the linear
coefficient by : 2 — R is now the weak* limit of {b.}, namely

bo(z) = /Qb(x,yg) dys.

Besides

A
d(I) = /Q/vazv(xaylayQ)T[ (2yl) vyzv($7y17y2) + b(x7y2) dyl d?/27

where the function v(z,yi,-) is the solution of the cell problem

{ — divy, [A(y1) Vypo(z,y1,92)] = divy, b(z,92) in Q
U(ajvylv') € H;er(Q)v

for a.e. (z,y1) € Q x Q. Therefore the sequence of solutions of problem

{—div [A((%)) Vue(z)] = divd(z, (%)) inQ
u. € HHQ)
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converges weakly in Hg () to the solution of the homogenized problem

{—div [AgVug(z)] = divbo(x) in Q
uy € H&(Q)

Surprisingly, we reach the conclusion that the homogenized source term depends on
the interaction between the oscillatory behaviour of the sequences {Ac} and {b.}.
Indeed, when {A.} and {b.} oscillate at the same length scales, it follows that the
homogenized source term g* is defined also through the sequence {A.}. However,
when there is no such interaction between the oscillations, the homogenized term by
is the weak* limit of {b.}.

After having completed this study on homogenization of elliptic equations with
periodic oscillatory coefficients, a natural and more challenging question arises: how
may one characterize explicitly the homogenized coefficients, of problems

{ —div [Az () Vue(z)] = divb.(z) inQ
u. € H (),

considering general non-periodic coefficients A. and b.7 Therefore, to answer
this question, we have started to study the I'-convergence of quadratic functionals
given by (1.7), in the general non-periodic setting (Section 6.5). Recall that we
have introduced previously the notion of Composition Gradient Property (CGP)
to treat the general non-periodic I'-convergence of functionals given by (1.3). So,
following the same ideas, we reintroduce the CGP condition for sequences of pairs
{(4¢,b:)}. Namely, we say that the sequence of pairs (Ag,b:) : Q@ — R™ " x R™,
with associated Young measure n = {1, },cq, satisfies the CGP if and only if there
exists a Carathéodory map ¢ : € x R"*™ x R™ — R" such that, for a.e. x € Q,

i) ¢(x,-,-) is one-to-one over the support of 7,;

i) {p(x, Ac(x + re),be(x +12+))} is “essentially a sequence of gradients”, in the
sense

[ eurl ¢z, Aclw + ), belz + 7o) llw-ragm) 3 0,

for some sequence 7. \, 0.

Thus, under the hypotheses that the sequences {A.} C [L>®()]"*™ and {b.} C
[L>°(€2)]™ satisfy:

(H1) A. is a symmetric matrix function, c1|p|? < pT Ac(z)p < e2p|?, with ez > ¢1 >
0,

(H2) {bc} is uniformly bounded in [L>°(Q2)]",
(H3) {(Ae,b.)} satisfies the CGP,
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we are able to prove that the sequence of functionals

L(u) = /Q [vu(:ﬁ)T ‘452("") Vu(z) + bo(z) Vau(z) | d

defined in H}(Q), T-converges to the functional I given by

I(u) = /Qw(x,Vu(x)) dx.

The density ¥ : 2 x R” — R is defined by

v = it { [ Lo Geds) + 800 | dnap) -

peAL
p= [ e }
where
A= {@: RV X R SR ¢ |eurl 9(A(@ + 1), be(w +72)) w-ra(s) — 0 )

for any ¢ > 2, whenever the sequence {(A:(z + re-),be(z + 72+))}, defined in the
unit ball for some sequence r. \, 0, generates the homogenous Young measure
1. Obviously, in this general setting, it is not easy to write explicitly the limit
energy density ¢ as a quadratic function of the second variable. However, we have
succeeded in identifying some sequences of pairs {(A.,b:)} for which some type of
representation is possible. The explicit representation of ¢, as a quadratic function,
depends on the characterization itself of the admissible fields ¢ in the set A, ie the
fields ¢ for which the composition sequence {p(Az(x+7:-), be(x+7c-))} is “essentially
a sequence of gradients”.

An interesting case, which may also be considered in the periodic setting, occurs
when the sequence of pairs {(4.,b.)} has a laminate structure, ie the sequence
oscillates between distinct constant values in alternate layers of the domain ().
Namely, to be more explicit, let Ac(z) = a-(x)I, in Q, where I,, is the n x n—identity
matrix, and consider the sequence of pairs (ac, b:) : Q2 — (0,400) x R™ defined by

X

(a-(@),bo(@)) = (a1, 60X (2-7) + (a2,82) (1= (00 (£ 7)) -

(For a.e. x € Q, X(0,4(x))(8) is the characteristic function of the interval (0,t(z)) over
(0,1), extended by periodicity to R.) So, the sequence {(a.,b:)} alternates between
the values (a1, b1) and (ag, b2) in layers, with width ¢(x) and (1—¢(x)), normal to the
unit vector n € R™. Notice that this sequence satisfies the CGP condition. Indeed,
since the Young measure associated with it is given by

Ne = t(SU) 6((11’171) + (1 — t((L‘)) 5(a2,bg) a.e. in Q,
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then, for any continuous field ¢ : Q x (0,4+00) x R* — R"™ with the vector
d(x,a1,b1) — d(x, az, ba) parallel to 7, the sequence {G(-, ac(-),be(-))} is “essentially
a sequence of gradients”.

Thus we are interested in the I'-convergence of the family of functionals I, given
by

L) = [ [PV + ) Vo) | as

= / [E|Vu(x)]2 + by - Vu(ac)} dx +/
Qe t(a) 2 Q

with

[ 1Vu(e) + by - Vu(a)] .

c
e,t(x)

r —

Qo) = {x € 0 X(0,4(x)) (g ' ”> = 1} s ) = {”” € 2 X)) (§ ' ﬁ) - 0} '

It follows, from the previous analysis, that the limit energy density of the sequence
{I.} is the function ¢ : Q@ x R™ — R defined by

vw) = P 4 @)+ )
with
B a1 as
W@ = T m @)
. t(z) a (1—t(@))a
@ = A e rt@s T Tt m + @) m
and

_ (=) = Di(=) b2
o(z) = (1—t(x)) a1 +t(z) as b = bal

Therefore, an immediate consequence, of the explicit characterization of the limit
energy density, is the characterization of the homogenized problem

{ — div [ao(z) Vup(xz)] = divg*(x) in Q
uy € H&(Q)

itself, whose solution wug is the weak limit of the sequence of solutions of

{ — div [as(x)Vus(z)] = divb(z) in Q
u. € HHQ).

S 00
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Once we have finished our study on linear homogenization, ie I'-convergence
of quadratic functionals, one may ask about the non-linear homogenization of p-
laplacians and non-homogenous p(z)-laplacians. Thus, the third subject matter
studied in this dissertation is the homogenization of laminate composite materials
whose state equation is a combination of p-laplacians.

Recently, there appeared a great interest in equations of the type

— div [ p(e) |Vu(z)[P@—2 Vu(:c)] — 0,

where p : Q — (1, +00) is a (piecewise) continuous function. These problems are used
to model new situations in Mathematical Physics. More precisely, the p(z)-laplacian
equation is used to model electrorheological fluids, ie special non-Newtonian fluids,
which change their mechanical properties in the presence of electromagnetic fields.
See [60, 65]. The study of this type of equations leads to the analysis of minimum
problems, with energies of the form

I(u) = /Q V()P da,

defined in the generalized Sobolev spaces

whr@)(Q) = {u e LY(Q): / Inu(z)[P®de < oo,/ InVu(z)P®de < 0o, n> o} :
Q Q
under the appropriate assumptions on the function p. See, for instance [34, 72, 73].

Therefore, we may ask about the homogenization of problems of the type

—div [a;(z) |[Vuj(2)[%@2Vuj(z)] = 0 inQ
uj = 0 on 09,

where {a;} is a sequence of (piecewise) continuous functions a; : Q — (1, 400).
In this dissertation (Chapter 7), we are interested in studying the I'-convergence
of composite materials with energies of the type

Iu) = /Q F(a3(2)) [Vu(@)| @ de,

defined in the generalized Sobolev space W1 (#)(Q), for each j € N. We assume
that the sequence of functions a; : @ — (1, +00) defined by

aj(:E) =D X(O,t)(jx ) E)) +4q (1 - X(O,t)(jx ) ﬁ)) ) te (07 1)) (18)

with 1 < p < ¢ < oo, stands for a laminate normal to 7, and f(p) and f(q) bounded
away from 0. Moreover, no restrictions on p and ¢ are assumed. Thus, the main
interest in this type of energies is the fact that we are dealing with a combination,
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depending on ¢, of different powers, defined in intermediate classes of functions
between the Sobolev spaces W14(Q) and WP(€). Tt is known that if the exponents
of all materials are the same, e.g. p = 2 = ¢, then the resulting homogenized density
will be also a power-law material with the same exponent. See [34]. So, it arises the
following question: in case p # ¢, how does the limit energy look like, as £ goes to
07 Is the limit energy density either a power of order p or one of order ¢?

Due to the laminate structure of the domain €2, we conclude that the sequence
{I.} is T-convergent (with respect to the weak topology of W1?(£)) to the functional

1) = [ 6(Vu(a) da,
Q
where the homogenized density 1 : R® — R is given by

wt(P):ArEgll%n{ tf) AP+ (1= 1) f() |BI" : p=tA+(1-1)B, n|B-A }

Therefore, the resulting limit energy is neither a power of order p nor one of order
q, but is instead a combination of both. This analysis may be translated into the
homogenization of Dirichlet problems with a;(z)-laplacian of the type

{ — div [a;(2) f(a;(z)) [Vuj(2)|%@2Vuj(z)] = 0 inQ
uj = 0 on 09,

which may even be written as

—div |p f(p) \Vujl (z)[P~2 Vujl- ()| = 0 1inQ;
—div | q f(q) \Vu?(a?)]q_2 Vujz(a;) = 0 inQf
Vujl. - Vu? | 7 ondQ;N o8
ujl», u? = 0 on 09,

with
Q; = {a:EQ : X(O,t)(jx-ﬁ) =1 }, Q; = {meQ : X(OJ)(jx-ﬁ) =0 }
Indeed, the homogenized problem is given by

— div Vi (Vu(z)) = 0 inQ
u = 0 ondN.

Moreover, we study the I'-convergence of general functionals of the type

Ii(u) = /QW(aj(x),Vu(af)) dx
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defined in W% (®)(Q), where {a;} is given by (1.8), and the continuous density
W : (1,400) x R* — R is convex in the second variable, and satisfies the non-
standard a;(x)-growth condition

clplv® < W(aj(z),p) < C(1+]|p|%@), for a.e. x € Q, every p € R™.

Under these non-standard assumptions, and without any restriction on the values
of aj, we conclude that the limit energy density v; : R" — R is defined by

¢t(p)=A’rgi€rﬂlw{tw(p,x4)+(1—t)W(q,B) D p=tA+(1-t)B, n | B—A}-

S O 0

We have thus described briefly the main problems, and their motivations, studied
throughout this dissertation, as well as our main contributions to the I'-convergence
and homogenization theories. Let us describe the structure of this dissertation,
which is divided into two main parts. The first part is a brief compilation of well
known results, most of them cited in the second part. It may be considered as
an introduction to the different problems analysed in the second part, and it was
written taking into account the readers’ convenience. This part is divided into three
chapters. The first chapter is dedicated to well known notions and results on I'-
convergence theory, while the second one focuses on well known results concerning
homogenization of second-order elliptic equations (in divergence form). The third
chapter is an overview on Young measure theory, which is the main tool used to face
the problems studied in the second part.

The second part is also divided into three chapters. The first one presents our
main contributions to the characterization of the I'-convergence of non-linear, non-
periodic integral functionals, as explained at the beginning of this introduction.
This work is also written in [55]. The second chapter presents our results on the
explicit representation of homogenized problems of second-order elliptic equations
with oscillating source term, in the periodic and non-periodic settings. This work
also appears in [56]. Finally, the third chapter presents our contributions to the
non-linear homogenization of p-laplacian equations in a laminate structure, also
contained in [57].
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Capitulo 2

Convergencia-I' de funcionales
integrales

La definicién formal de convergencia-I" fue introducida en el trabajo [26], por
De Giorgi y Franzoni, fruto de véarios estudios desarrollados a partir de un ejemplo
simple que De Giorgi estudié a mitad de los 60. El ejemplo consistia en comprender :
.,qué ocurre con las soluciones de una familia de ecuaciones diferenciales ordinarias
dependentes de un entero k, de la forma % (ap(t)u'(t)) = f(t), donde los
coeficientes ay, son funciones periddicas tomando dos valores, a y 3, alternativamente
en intervalos disjuntos de longitud 27%, cuando hacemos k tender a infinito? En
este contexto surgié primeramente la nocién de convergencia-G, introducida por

Spagnolo en [67], es decir la convergencia de las funciones de Green para operadores

_ 0 k o) : . 41
de la forma Ay =}, B (aij(x)a—m), definida como la convergencia débil de las
o . L -1 ) . ,
sucesiones de operadores inversos {4, " }. Posteriormente, se centraron en el cardcter
variacional de la convergencia-G y, en vez de considerar una sucesién de ecuaciones
diferenciales, consideraron una sucesién de problemas minimizantes para funcionales
del Célculo de Variaciones. Asi la determinacion del minimizante del funcional limite
es la idea subyacente a la convergencia-I" de una familia de funcionales integrales.

Para mas detalles, vea [25].

Desde entonces la teoria de la convergencia-I' ha sido desarrollada,
principalmente, en conexiéon con muchas de sus aplicaciones, como, por ejemplo,
la homogeneizacion, es decir el estudio asinptético de ecuaciones diferenciales en
medios heterogéneos con una estrutura periédica. Vea [15, 16, 17, 18, 24, 39, 42].

Béasicamente, este capitulo es un breve resumen de los resultados ya conocidos,
sobre varios aspectos de la convergencia-I', con el objetivo de contextualizar los
resultados nuevos que se introducirdn en la segunda parte de esta disertacion.

23
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2.1. La nocion de convergencia-I"

La convergencia-I" es una convergencia variacional, como se puede comprender a
continuacién.

Definicién 2.1.1 Sea (X,d) un espacio métrico. Se dice que la sucesion de
funciones I; : X — R converge-I'(d) en X para I: X — R si, dado cualquier
u € X,

1. (desigualdad del lim inf) para toda la sucesion {u;} C X tal que d(uj;,u) — 0,

I(u) < liminf Ij(u;);

J—00
2. (desigualdad del lim sup) existe una sucesion {u;} C X tal que d(uj,u) — 0 e

I(u) > limsup I;(u;).

Jj—oo
La funcion I se designa por limite-I'(d) de {I;}, y se escribe I =T'(d)—lim; I;.
La desigualdad del limite superior se puede substituir por la igualdad

I(u) = lim I;(uy),

J—0o0

porque tenemos las desigualdades

I(u) < liminf I;(u;) < limsup [;j(u;) < I(u).

También se definen los limites inferior-I'(d) y superior-I'(d).

Definicién 2.1.2 Sea I; : X = R y u € X. El limite inferior-I'(d) de {I;} en u
se define como

I'(d) —liminf I;(u) = inf { liminf I;(u;) : {u;} C X, d(uj,u) =0 }

El limite superior-I'(d) de {I;} en u se define como
I'(d) —limsup I;(u) = inf { limsup I;(u;) = {u;} C X, d(uj,u) — 0 }
Si existe el limite-I'(d) de la sucesién {I;} en X, entonces

I'(d) = liminf I;(u) = I'(d) — lim I;(u) = T'(d) — limsup I;(u)

j—o0 Jj—00 j—o0

para cualquier u € X.



2.1 La nocién de convergencia-I’ 25

Nota 2.1.1 1. Una sucesion constante {I} converge-I'(d) a la envoltura
semicontinua inferior de I definida por
I(u) = inf { liminf I;(u;) : {u;} C X, d(uj,u) —0 }
j—00

2. Las funciones T'(d) — liminf; I; y T'(d) — limsup;I; son semicontinuas
inferiormente' en X.

3. 8t G es una funcion continua e I = T'(d) —lim;I;, entonces I+ G =

La compacidad y la convergencia de los problemas de minimo son otras
propriedades importantes de la convergencia-I'.

Teorema 2.1.1 (Compacidad) (Vea [24]) Sea (X,d) wun espacio métrico
separable?, e I : X — R una funcion, Vj € N. Entonces existe una sucesion creciente
{jx} C N tal que el limite-T'(d) de la sucesion {I;,} existe para todo u € X.

Teorema 2.1.2 (Convergencia de los problemas de minimo) (Vea [24]) Sea
{I;} una sucesion d-equicoerciva (ie, existe un conjunto compacto K C X tal que
infx I; = infg I;, Vj € N). Entonces

min I'(d)—liminf I;(v) = liminf inf I;(u),

ueX Jj—00 j—oo  weX
y, si {I;} es convergente-I'(d),

in I'(d)— lim I; = i inf I;(u).
min [(d)— lim Ij(u) = lim - inf I;(u)
Si {uj} es convergente en X, y lim;I;(u;) = lim;inf,ex Ij(u), entonces {u;}
converge al punto de minimo del limite-I'(d).

La d-equicoercividad de la sucesion {I;} es una condicién suficiente para la
convergencia de los minimos de I; al minimo del limite-I'(d). Luego, una cuestién
importante en la convergencia-I" es comprender cémo elegir correctamente el espacio
métrico (X,d). La topologia de la métrica d deve ser suficientemente débil para
obtenermos la d-equicoercividad de la sucesién {I;}, pero suficientemente fuerte
para que converja-I'(d).

Tipicamente se siguen tres pasos fundamentales para demostrar la convergencia-

I:

1 f es semicontinua inferiormente en u € X si, para toda la sucesién {u;} convergente a wu,
f(uz) < liminf; f(u;).
Un espacio métrico es separable si existe un subconjunto numerable y denso.
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(i) probar un resultado de compacidad que garanta la existencia de una
subsucesién que converja-I" a un funcional limite abstracto;

(ii) probar un resultado de representacién integral que permita escribir el funcional
limite como un integral;

(iii) probar una representacién explicita del integrando limite que no dependa de
la subsucesién.

Si consideramos una sucesiéon de funcionales integrales definidos en un espacio
de Sobolev, entonces se aplica el método directo de la convergencia-I' para probar
un resultado de compacidad general, y luego obtener la representacion integral del
limite-I'. Para tal se consideran funcionales integrales dependientes de los conjuntos
de integracion, ademas de las funciones en el espacio de Sobolev, lo que se designa
por método de localizacién. Asi, en la préxima seccién, consideramos funcionales
integrales I : LP(Q;R?) x A(Q) — [0,4+00] de la forma

Jo f(x, Vu(z)) du  siue WP(O;R?)
I(u,0) =
+00 siu € LP(O;RY) \ WHP(O;RY),

tal que
AP < f(z,A) < C(1+|AP) Ve, AecRm

y presentamos algunos resultados de representacion integral de limites-I'. Se
considera la convergencia-I" de sucesiones de funcionales respecto a la topologia
fuerte en LP(£2;RY). De hecho, el funcional I(-,Q) es semicontinuo inferiormente
respecto a la topologia débil en W1P(Q;R%) si y solamente si es semicontinuo
inferiormente respecto a la topologfa fuerte en LP(; R?).

2.2. Representacion integral de limites-I" en espacios de
Sobolev

Los teoremas de representacién integral para funcionales no lineales I(u,O),
dependientes de una funcién u y de un conjunto abierto O, son ttiles para demostrar
que el limite-I' de una sucesion de funcionales integrales es también un integral
funcional. En concreto, en el proximo teorema, Buttazzo y Dal Maso obtuvieron
condiciones suficientes para que un funcional abstracto admita una representacién
integral. Vea [20] y las referencias contenidas.

Teorema 2.2.1 (Vea [20]) Sea 1 < p < oo, e I : WIP(Q;RY) x A(Q) — [0, +00) un
funcional satisfaciendo las siguientes condiciones:

i) I es local, ie I(u,0) =1(v,0) siu=wv c.s. en O € A(Q);
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ii) I es una medida en A(SY), ie, para todo u € WIP(Q;R?), la funcion de conjunto
I(u,-) es la restricion de una medida de Borel en A(Q);

iit) I satisface una condicion de crecimiento de orden p, es decir existe ¢ > 0 y
a € LY(Q) tal que

I(u,0) < c/o[a(w)+]Vu(x)\p] dx,

para todo u € WIP(Q;R?) y O € A(Q);

iv) I es invariante por translacion en u, es decir I(u + z,0) = I(u,O) para todo

zeRY, uwe WHP(Q;RY) 5y O € A(Q);

v) para todo O € A(Q), I(-,0) es semicontinuo inferiormente respecto a la
topologia débil en W1P(Q; RY).

Entonces existe una funcion f: Q x R>*" — [0, +00) tal que
a) f es una funcion de Carathéodory;

b) f satisface la condicion de crecimiento de orden p, es decir para todo x € Q y
A € R se verifica

0 < f(z,4) < claz)+|A]P);
¢) para todo O € A(Q) yu € WHP(Q; RY)

I(u,0) = /Of(m,Vu(x)) dz.

Nota que el integrando f, en el teorema anterior, es cuasiconvexo® en la segunda
variable. De hecho, el funcional I, cuyo integrando f es una funcién de Carathéodory
que satisface la condicién de crecimiento de orden p, es semicontinuo inferior
débilmente en WP (Q; RY) si y solamente si f es cuasiconvexa en la segunda variable
(vea [1, Statemente IL.5]).

De acuerdo con el préximo resultado, siempre que una familia de funcionales
integrales, definidos en el espacio de Sobolev WP ((Q; Rd), tenga crecimiento de orden
p, existe una subsucesién de funcionales que converge-I'(LP) (en la topologia fuerte
de LP(2;R%)) a un funcional integral.

La funcién continua f : R¥™ — R es cuasiconvexa si, para cualquier A € R*" f(A) <
|%| [, f(A+ Vw(z))dz para algun conjunto abierto D C R™, y cualquier w € C5°(D;R?).
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Teorema 2.2.2 (Vea [24]) Sea {I;} una sucesion de funcionales definidos en
Wl’p(Q;Rd) por

Ii(u,0) = /ij(m,Vu(x)) dx,

para cualquier O € A(RQ), donde las funciones borelianas* f; : Q x R¥*™ — [0, +00)
satisfacen la condicion de crecimiento

AP < fi(z,A) < C(1+|AP)

para todo x € Q y A € R, Entonces existe una subsucesion {1} y una funcion
de Carathéodory f : Q x R&>™ — [0, +00) satisfaciendo la misma condicion de
crecimiento que f; , tal que {I;, } es convergente-I'(LP) al funcional I definido por

I(u,0) = /Of(x,Vu(:z:)) dx

para todo u € WIP(Q;R?) y O € A(Q).

A continuacién se presenta un resultado de representacién integral de limites-I"
de sucesiones de funcionales integrales satisfaciendo una condicién de crecimiento
con exponentes py q.

Teorema 2.2.3 (Vea [18]) Sea 2 con frontera lipschitziana, y sea p < q < p*,
donde p* es el exponente de Soboler’ de p. Sea {Ge} una sucesion de funcionales
Ge : LP(Q;RY) x A(Q) — [0,4+00] definidos por

Jo 9e(z, Vu(z)) dz si ue WHP(Q;RY)
GE(U, O) =
+o0 si u € LP(Q;RY) \ WHP(Q;RY),

donde las funciones borelianas g. : Q x R¥>™ — [0, +00) satisfacen la condicion de
crecimiento no estandar de orden p y q, es decir

(H4) existen constantes 0 < ¢ < C' tal que

AP < go(z, A) < C(1+]A]%), VreQ, AcR”™ ¢>0. (2.1)

Si la sucesion {G.} satisface la estimacion fundamental en L%, cuando € \, 0°,
entonces existe una subsucesion {Ge.} y una funcion de Carathéodory g :

*f es una funcién boreliana si el funcional I(u) = [, f(z, Vu(z)) dz estd bien definido.

5 *:n"—f;sip<n;p*:oosip2n.

5{G.} satisface la estimacién fundamental en L?, cuando € \ 0, si para todo U,U,V € A(Q),
con U CC U,y o >0 existen M, >0y e, >0 tal que para todo u,v € LI RY) y € < €, existe
una funcién cut-off ¢ entre U y U tal que Ge(pu+(1—@)v, UUV) < (1+0)(Ge(u, U) +Ge (v, V)) +
M, f(UmV)\U |lu —v|%dx + 0.
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Q x R>™ — [0,+00), que verifica la condicion (2.1), tal que {Ge,} converge-
['(LP) al funcional G : WHP(Q;RY) x A(Q) — [0, +00) definido por

G(u,0) = /Og(x,Vu(a:)) dx.

Por otra parte, se pueden considerar funcionales integrales definidos en los
espacios de Sobolev generalizados W1P(*)(Q: R?), donde p : Q — (1,400) es una
funcién continua satisfaciendo la estimacién sobre el modulo de continuidad

YO C A() F90 > 0 ¢ [p() — p(y)| < 'O

1
log [z —y

Teorema 2.2.4 (Vea [22]) Sea p : Q@ — (1,400) una funcion continua, con
p(z) > p > 1 para todo x € €, tal que satisface la estimacion (2.2). Sea
ge : Q0 x RX" — [0,400) una funcion boreliana satisfaciendo la condicion de
crecimiento

c|AP®) < go(z,A) < C(A+]|AP@)) para ct. z € Q, todo A e R>", (2.3)

con C' > ¢ > 0, para cualquier e > 0, y G : L' (Q, RY) x A(Q) — [0, +00] el funcional
definido por

Jo 9:(z, Vu(z)) dz siue Wloc( )(O;Rd)
Ge(u,0) =
+o0 siu € LY(QRY)\ I/Vl (O R9).

Entonces existe una subsucesion {e(k)}, y una funcion de Carathéodory g : 2 x
Rdxn [0,4+00) cuasiconveza en la sequnda variable, satisfaciendo la condicion
(2.3), tal que {G.()} es convergente-I'(L') (en la topologia fuerte de L*(;R?)) al
funcional

Jo9(z,Vu(x)) de siue VVlo’f(m)(O R?)

G(u,0) =
+o0 si u € LY R\ W, ! Lp(@) (O;RY).

2.3. Convergencia-I' periddica

En general, la representacion explicita del integrando limite no es conocida,
excepto en el caso periddico. En esta seccién nos centramos en la convergencia-I" de
familias de funcionales integrales con integrandos periédicos. Sea { F.} una sucesién
de funcionales F. definidos en W1P(£2; R%) por

F.(u) = /Qf(:,Vu(:L‘)> dz, (2.4)

con ¢ > 0, donde la funcién boreliana f : R" x R — [0,400) satisface las
siguientes hipotesis :
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(H1) f(-, A) es Q-periédica, para todo A € R¥X",
(H2) existen constantes 0 < ¢ < C tal que, para p > 1,

AP < f(y, A) < C(1+|A]P), VyeR", AeR>™

En el caso escalar, d = 1, si ademds, para c.t. € Q, f(z,-) € C(R") es convexa,
inicialmente Marcellini demostré en [39] que el integrando, del limite-I" de la sucesién
{F.}, es la funcién convexa fpom : R™ — R, con crecimiento de orden p, definida por

from(A) = nf /Q f(y, A+ Vo(y)) dy.

VEWRR(Q)

Todavia, en el caso vectorial, d > 1, si f(z,:) es no convexa, Miller y
Braides probaron, en [42] y [16] respectivamente, que esta representacién no es
necesariamente valida.

Teorema 2.3.1 (Vea [18]) La sucesion de funcionales F. en (2.4), con f
satisfaciendo (H1) y (H2), converge-T'(LP) al funcional F definido en W1P(Q;R%)

por
_ / From(Vu()) dz,
Q

dxn [0, 400) es cuasiconvexa y definida por

donde la funcion from : R

from(A) = lim inf

— fly, A+ Vo(y)) dy.
T—00 yeW, P(TQ;R) " Jrg ( W)

Asi, la funciéon homogeneizada from es el limite, cuando la anchura de las celdas
tende a infinito, del infimo de las variaciones en cualquier celda. Ademas, el infimo
se puede considerar en el conjunto mas grande de las funciones periddicas, es decir

from(4) = lim  inf / F(Ty, A+ Vo(y) dy;
T—o00 UeWper (Q:R%)

y el limite en la anchura se puede tomar como el infimo,

fhom(A) = inf inf / [y, A+ Vo(y)) dy.

TeN erp(TQ]Rd Tn

Teorema 2.3.2 (Vea [18]) Si, ademds de las hipdtesis (H1) y (H2), la funcion f
satisface la condicion

(H3) f(y,-) es convexa en R™, para todo y € R”,
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entonces la sucesion de funcionales F. definidos en (2.4) converge-I'(LP) a F donde
la funcion from estd definida a través del problema en la celda unitaria, es decir

from(A) = f )/fmA+VMWM% vAERX"  (25)
Q

vEWpP(Q;RY

La definicién del integrando frem,m como el infimo de las variaciones periddicas
en la celda unitdria no es valida para el caso vectorial no convexo, como destaca
el contraejemplo en [42], porque este valor es superior (y no igual) al infimo de
las mismas variaciones pero en conjuntos de 7' copias de la celda unitaria, cuando
hacemos 7' tender a infinito. En realidad, cuando f(y,-) es no convexa es necesario
considerar variaciones periddicas en celdas de anchura T, independientemente de si
las condiciones en la frontera son periédicas o zero.

2.4. Convergencia-I' periddica con condiciones de
crecimiento no estandar

En el caso periddico, la representacién explicita del integrando limite no depende
de las condiciones de crecimiento.

Teorema 2.4.1 (Vea [18]) Sea Q2 con frontera lipschitziana, y sea p < q < p*, donde
p* es el exponente de Sobolev. Sea g : R™ x R>™ — [0, 4+00) una funcién boreliana
tal que

(H1) g(-, A) es Q-periddica, para todo A € Rdxn
(H4) existen constantes 0 < ¢ < C' tal que

AP < gy, A) < C(1+]A]%), VyeR", AeRH™
Entonces la sucesion de funcionales Ge : LP(;R?) — [0, 4+00] definidos por

ng (%7 Vu(ac)) dx siu E Wl»P(Q;Rd)
GE(U) =
e siu € LM (QRY) \ WP(RY)

es convergente-I'(LP) al funcional G definido en WHP(€;RY) por
Glu) = /Q Ghom(Vu(x)) de,
donde

1
Jhom(A) = lim inf

— | gy, A+ Vu(y)) dy, vV Ae R,
T—o0 yewr?(rQrd) 1" J1¢
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Nota 2.4.1 Si los funcionales G, solo toman wvalores finitos en un espacio mds
pequerio que WHP(Q; R?), es decir

Jag (2. Vu(x)) dz siue W (R, r=>p,
Gg('u,) =
e si u€ (O RY) \ W (@ RY),

entonces la sucesion converge-I'(LP) a G, donde el integrando

ghom(A) = 1im inf 9(y, A+ Vu(y)) dy, V A e R,

T—oo yewpr(rQRrY) 1" JTq

Teorema 2.4.2 (Vea [18]) Si, ademds de las hipdtesis del Teorema 2.4.1, la funcion
g satisface la condicion

. dxn n
Y J )
(H3) g(y,-) es convera en R para todo y € R

entonces la sucesion de funcionales G. converge-I'(LP) a G donde

Ghom(4) = ff / G A+ Vo) dy, Y AERPT. (2.6)
vEWRR(Q;RY) JQ



Chapter 3

Homogenization of elliptic
equations

The study of composite materials, macroscopic properties of crystalline or
polymer structures, in Mechanics, Physics, Chemistry and Engineering, led to the
study of procedures to pass from a microscopic description to a macroscopic one
of the behaviour of periodic structures. In general, the physical parameters, as
conductivity, elasticity coefficients, of composite materials are discontinuous and
oscillate between different values of each component. Though these parameters
oscillate very rapidly, when the components are intimately mixed so that the
microscopic structure is very complicated, from a macroscopic point of view, the
composite material tends to behave as a homogenous material.

The homogenization theory consists in describing the limit behaviour of
composite materials when the parameter e, which gives the fineness of the
microscopic structure, tends to 0. It was introduced by Sanchez-Palencia in [66], with
the study of thermal problems in composite materials, and remarkable developed,
besides him and many others, by Bensoussan, Lions and Papanicolaou in [14], Tartar
and Murat in [44], De Giorgi and Spagnolo in [27], ...

To make it more clear, let us describe the homogenization of the stationary
heat equation of an e-periodic material. Consider the conductivity coefficients
a;; € L*°(R™) such that

. a;j is Q-periodic, for every 1 <4,j < n,
e D ()& > c|¢)?, for every ¢ € R™ and a.e. x € R™.

Assume the composite material occupies a region ) and its temperature at the
boundary 0f2 is constant u = 0. Then, for every external heat source f, the

33
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temperature u. satisfies the equation

— i a%(aivj (%) sz;(m) = f(z) in Q
ue = 0 on Of).

From the mathematical point of view, this problem is well-posed and, for every
f € L*(Q), admits a unique solution u. € H}(2). The sequence of solutions u. of
the previous equations, as € — 0, converges weakly in H& (©) to the solution u of
the homogenized equation

2'lL .
— i A" grg(2) = f(z) i Q
u = 0 on 01,

f‘?m, which are called the homogenized (or effective)

coefficients, are defined through the coefficients a; ; and do not depend on f and
Q). The homogenized equation gives the macroscopic behaviour of a homogenous

where the constant coeflicients a

material quite similar to the composite.

3.1. The classical convergence result for periodic
structures

Consider the previous classical problem

—div A (%) Vue(z) = f(x) in Q
(CF) { ue € Hj(Q),

where the matrix function A = [a;;] € [L®(Y)]"*" satisfies, for some 0 < a < (3,
i) a;j is Y-periodic,! for every 1 <i,j <n,
i) A(y)€- € > alé]?, for a.e. y €Y and every £ € R",
iii) |A(y)¢| < BlE], for a.e. y €Y and every £ € R”,
and f € H-1(Q). Here Y is the reference cell
Y = (0,c1) x ... %x(0,¢,),

for some positive numbers cq, ..., c,.
Notice that condition i), ie

n

> ap&s = a Y &,
=1

ij=1

Yai; is Y-periodic iff ai;(y 4 kcnen) = aij(y), for a.e. y € Y, every k € Z and 1 < h < n, where
{e1,...,en} is the canonical basis of R".
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is the uniform ellipticity condition for the operator

—div A = — Z 8y2< 8j> C HNY) — HY(Y),

and, in particular, implies the invertibility of A(y), for a.e. y € Y. Besides, together
with condition i), it implies «|¢|? < A(y)¢ - € < BJ€J?. Since L2(Q) is dense in
H~1(Q), the problem (CP.) has a unique solution, too.

As we remarked before, the homogenized problem associated with (C'P:) consists
in studying which homogenized equation the limit of the sequence of solutions u. as
e — 0 satisfies.

Theorem 3.1.1 (See [14]) If u. is the solution of (CP.), under the previous
assumptions, then

C U — U in H(Q)
. AVu. — AgVug in [LA(Q)],

where ug is the unique solution of the homogenized equation

— divAg Vug(z) = f(z) in Q
CP,
(Ch) { up € HY9).
The effective coefficient Ay = [a) ] € R™ "™ js a constant matriz given by
Ao € y) dy, for every & e R",
= ¥

where wé is the solution of
Jy Aly)Vut(y) - Voly) dy = 0, Voe e, (Y): wpfyoly) dy = 0,

wt =&y € Hpo(YV), 37 Jy (wi(y) —€-y)dy = 0,

or, equivalently, by
T 1 T 3 n
ATe = o [ ATW) (€+ VW) dy,  for every & R,
Y1 Jy

where z¢ is the solution of

—divAT(y) (€+V2E(y)) = 0 in'Y
2 e HL.(Y), ‘71|fy 2(y) dy = 0.
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This classical result, which was initially proved by Sanchez-Palencia in [66] and
Bensoussan, Lions and Papanicolaou, see [14], may be proved by different methods,
such as

1. the method of asymptotic expansions,
2. the energy method of Tartar,
3. the two-scale convergence method of Nguetseng and Allaire.

The method of asymptotic expansions consists in searching for a solution of type

o0
us(x) = g <:U, E)—Feul (w,f)—{—guz (aj,f)%—... = Z el <x, E),
€ € € — €

1=

where u;(z,y) are Y-periodic in y, which is an asymptotic expansion based on the
macroscopic scale z and the microscopic one £ characterizing the problem (CF).
At the end it is shown that wug, which does not depend on y, is indeed the solution
of the homogenized problem (CFp). For more details see [14].

The energy method of Tartar consists in constructing a family of oscillatory test
functions w,. so that the sequence {A (', g) Vw.} has a compact divergence? in
H~1(Q) which allows to pass to the limit in (CP.) as e — 0.

The two-scale convergence method is based on the notion of two-scale
convergence whose test functions are of the type ¢ (x, f) taking into account
both scales of the problem (CP:). For more details see [5, 7, 45, 46]. In the next

section we focus on this method.

3.2. Reiterated homogenization by the multi-scale
convergence method

Consider the multiscale homogenization problem

(PN) fdivA(x,ﬁ,...,ﬁ)Vus(x) = f(z) in Q
ue € Hy(9),

where the matrix function A € [L®(Q x Y] x ... x Yn)]™*" satisfies
i) A is Yy-periodic, for all 1 <k < N,

i) al¢]? < A(z,y1,...,yn)E-€ < BIE2 ae. in Qx Y] x...x Yy, for every £ € R?,

2Te, there exists a subsequence of {divA (-, ) ng} strongly convergent in H™'(Q).

>
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{li(e),...,In(e)} is a family of separated length scales, defined below, and f €
L2(9).

Such problem may describe a conductivity problem in a composite material,
with a periodic structure, occupying a bounded open set £2. The multiple separated
length scales depend on the parameter €, and the conductivity tensor is given by
A <a:, ﬁ, e ﬁ), while f is a fixed source term. The solution of such problem
will be the potential u.. Bensoussan, Lions and Papanicolaou studied this problem
in [14], and called it reiterated homogenization problem.

The length scale separability ensures that each scale is of a different order of
magnitude. The trivial case of separated length scales is when they are simply
powers, ie I (g) = ¥, for each k.

Definition 3.2.1 A smooth function [ : (0,e9) — (0,+00), for some g9 > 0, is
said to be a length scale if

lim l() = 0.

e\0

The family of length scales {li(g),...,In(€)} is said to be separated if

lkt1(e)
e\0 lk (E)

= 0, forevery 1<k<N-—1.

Here we recall the notion of multiscale convergence, which was introduced by
Allaire and Briane in [6] as the generalization of the two-scale convergence introduced
by Nguetseng in [45], to treat the homogenization problem (PXN).

Definition 3.2.2 A sequence {u.} C L?(Q) is said to multiscale (or (N +1)-scale)
converge to ug € L2(Q x Y1 x ... x Yy) if

21{%/9“8“) ? (‘"’“" e m@)) =

= /// Uo(xayla--~ayN)90(33ayla---ayN)d?/l---dyNd$
0Jv Yy

for any ¢ € L2[Q; Cper (Y1 X ... x Yy)], and any family of separated length scales
{h(e),...,In(e)}

Theorem 3.2.1 (See [45]) Let {u.} be a bounded sequence in L*(Q). Then there
exists a subsequence {uc, } and a function ug € L*(Qx Yy x ... x Yy) such that {uc, }
(N + 1)-scale converges to uyg.

In the case of bounded sequences in H'(Q), the following theorem defines the
N + 1-scale limit of bounded sequences of gradients.



38 3 Homogenization of elliptic equations

Theorem 3.2.2 (See [7]) Let {u.} be a bounded sequence in H'(2). Then there
exists a function uw € H(Q) and functions u, € L*[Q x Yy x ... x Y_1; HL (Y3)],

per

for 1 <k < N, such that, up to a subsequence,
« {uc} is (N 4 1)-scale convergent to u,
« {Vu.} is (N + 1)-scale convergent to Vu + Zé\le Vi Uk

Notice that the function u is the weak limit of the sequence {u.} in H'(Q), while
each function Vuy may be considered as the limit at the length scale I (g) of {Vu.},
for 1 <k <N.

Under the assumption on the (N +1)-scale convergence of the sequence of matrix

functions
X X
A, = A , ey ,
(=) <“’C e zN<e>)

and the convergence of its L?-norm, the following result states the convergence of
the solutions u. of (PY) and characterizes its limit.

Theorem 3.2.3 (See [7]) Let u. be the solution of (PN). If
(H1) {Ac} is (N + 1)-scale convergent to A,

(H2) lime\ o [|Acll{z2@rxn = (Al L2(@x vy x... x V)

then
u. — u in HYH(Q)

where u is the unique solution of the homogenized problem

—div Ag(x)Vu(z) = f(x) in Q
(75") { ’ u € HEQ).

The homogenized matriz function Ay is defined by the inductive homogenization
formulae:

An(z,y1,...,yn) = A(z,y1,...,yn) ae.in Qx Y] x...x Yy,

and for every 0 < k < N —1,

Ap(z,y1, .. k)€ = g Apr1(Z, Y15+ Yrr1) <§ + Vykﬂwiﬂ(fﬁayl,-~~ayk+1)) dy
k+1

for any & € R™, where wiﬂ CL2QX Y] X ... X Yy H;er(YkH)] 1s the solution of

{ _divyk+1 Ak’-i—l(x?yl)"'?yk-i-l) (£+vyk+1w£+1($7ylv"'7yk’+1)> =0 Yk-‘rl
w]€+1($vy1a--~vyk7') € H;er(yk-l-l)'

This means that the matriz function Ay is obtained by periodic homogenization of
Agr1(x,y1, -y Yky1), for every 0 <k < N — 1.
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Therefore, in the particular case of two oscillatory length scales, € and €2, if u,
is the solution of

— div A(l‘,%,s%) Vue(z) = f(x) in Q
(PEQ) { Us € H&(Q),

then the sequence {u.} is weak convergent in H¢(Q) to the unique solution u of the
homogenized problem

(P2) {—div Ao(x)Vu(xz = f(x) in Q

€ Hy(),
with
Ao(z) € = . Ai (2, 1) (§+ vylwf(wvyl)) diy (3.1)
1
for any £ € R™. The function wf € LQ[Q;H]}W(YQ] is the solution of the cell
problem
{ — divy, Ai(x,y1) (§+Vy1w§(x,y1)> =0 inY%
'UJE(J’, ) € Hg}er(yvl%
with

A€ = [ Awnn) (64 VoS m) d

for any & € R™, where the function wg € L%[Q x Yy; HL,,(Y3)] is the solution of

per

{ — divy, A(z,y1,v2) (§+Vy2w§(fﬂ,y1,y2)) = 0 in Y5
wg(xyylv') S Hp}er(yé)'

So the matrix Ag is obtained by iterating 2 times the periodic homogenization
problem starting from the faster to the slower length scale.

Notice that assumptions (H;) and (Hs) hold if the matrix function A satisfies
one of the following conditions:

e A€ [LZ[0 Coer(Yr % ... x Yi)|"

A€ L[V Cper(2X Y1 X oo X Vg X Yipg X ..o X Y)|]™", for any 1 <

3.3. Convergence results for periodic structures whose
source term varies with ¢

This section focuses on the homogenization of elliptic problems of type

—div A(%) Vue(z) = fo(z) in Q
(Pr) { u- € Hy(9),
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where the matrix function A = [a;;] € [L®(Y)]™*" satisfies
i) ai;j is Y-periodic, for every 1 <1i,j <mn,
i) A(y)€ - &€ > alé]?, for a.e. y €Y and every &£ € R”,
iit) |A(y)é| < B¢|, for a.e. y €Y and every & € R™,

for some 0 < a < 3, and the sequence {f.} is in H~1(Q).

Basically there are two results concerning the convergence of solutions . of (Py.).
One asks for either the strong convergence in H () or the weak convergence in
L?(2) of the sequence {f.}, while the other only asks for the weak convergence in
H~1(Q2). However the second one is a partial result in the sense that we do not have
a convergence result of the whole sequence of solutions {u.}.

Theorem 3.3.1 (See [21]) Let u. be the solution of (Py.). If the sequence {f.}
satisfies one of the two following conditions

i) f- — f in H(Q),
i) fo — fin L*(),
then

- U = U in H(Q)
. AVu. — AgVug in [L2(Q)],

where ug s the unique solution of the homogenized problem

— divAgVug(z) = f(z) in
{70 T e,

and the constant matriz Ag = [agj] € R™" s given by

1 / / 8w .
0 J
a;; = — [ ai(y) dy — y)dy, V1<ij<n.
DT T Z
Here the function w; is solution of
Jy AW)Vw;(y) - Vou(y)dy = [y A(y)e; - Vo(y) dy
VU € H]%er( |Y| fy dy - O 6 Hper(Y) ﬁ fY 7](y) dy = 0

Moreover it holds the convergence of energies

) x
21{% A A (E) Vue(z) - Vue(x) do = /QAOVuO(a;) - Vug(z) de,
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and the convergence of {A:Vu.-Vu.} in the sense of distributions, ie
lim [ A (£> Vue(x) - Vue(x) p(x) de = / AoVuo(z) - Vug(z) p(z) de,
eN\o0 Jo S Q

for any ¢ € C§°(£2).

Notice that the effective coefficient Ag is different from the weak limit

— 1
Ao v

of the sequence {A.}. Indeed Ag is the sum of such limit A and a corrector term
expressed by means of gradients of the functions w;. Besides Ay is exactly the same
constant matrix given in Theorem 3.1.1. On the other hand, the right-hand side of
the homogenized equation is the limit of {f.}.

The result is completely different if we assume that {f.} converges weakly to f
in H~1(2), because in this case we do not have a convergence result for the whole
sequence of solutions {u.}, and the right-hand side of the homogenized equation is
not any more the weak limit of {f.}. The following result is due to Tartar.

Theorem 3.3.2 (See [21]) Let u. be the solution of (Py.). If the sequence {f.} is
weak convergent to f in H1(Q), then there exists a subsequence {uc, } of solutions
such that
us,, — u* in H(Q),
where u* is the unique solution of the homogenized problem
—divAgVu*(z) = —divg*(z) in Q
(F) w* € HLQ)
0 )

with Ag = [agj] € R™" given in the previous theorem, and g* € [L*(Q)]" solution of

/ §"(@)Vl(z) dr =
Q

k—oo “

L 9
= lim Z /Q fer (x)w3* (x)%(x) dr + /Qf(:z) (p(x) — - Vp(x)) do
=1 ¢
for any ¢ € C3°(2). Here, for each 1 <i < n, the sequence {w;*}y is given by
wit(z) = epw; (m) , a.e. in €,

€k

and the function w; is solution of

Jy AT () Vwily) - Voly)dy = 0, Vv € Hy (V) : 37 [y v(y) dy =0

w; — €Y € H;er(y)a ﬁ fY (wl(y) — € y) dy = 0.
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Moreover, if the sequence {f.} either converges strongly in H—1(Q2) or weakly in

L?(2), then
—divg® = f and u* = uyp,

where ug s the solution of (Py).

3.4. The notion of H-convergence

Though there are many theories in homogenization, possibly the H-convergence
is the most general one. Initially, Spagnolo introduced in [67] the notion of G-
convergence, ie a notion of convergence of symmetric matrices A, coefficients of
elliptic problems of the form

— div Ae(z) Vue(z) = f(2) in Q
{ e o,
which implies the convergence of solutions u.. The notion of H-convergence was
introduced by Tartar and Murat in [44] as a convergence of general matrices A,
which implies the convergence of A.Vu,, besides the convergence of solutions w..
The H-convergence may be considered as a generalization of G-convergence. For
more details see [6, 21, 24, 34, 44, 67], and the references therein.

In order to present the definition of H-convergence, let us introduce the subspace
M(a, 3) of the space of n x n real matrices R™*".

Definition 3.4.1 For some constants o > 0 and 8 > 0,
M(a,8) = { MeRY™ : Me-€>aléf, M7'E-€> B¢, VECR" )
is the subspace of coercive matrices with coercive inverses.

Notice that if M € M(a,3), then «a¢]? < ME-€ < Bl€J?, for any & € R™.
Moreover M(«, (3) is nonempty set if and only if o < 1.

Definition 3.4.2 (H-convergence) A sequence of matrices A. € L>®(Q; M(«, 3))
is H-convergent to the H-limit Ag € L (S M(a, B)) if, for any f € H=1(Q), the
sequence of solutions u. of

P) {—diVAE(x)Vue(:r) = f(z) in Q

satisfies

U — U in H(Q)

. AVu. — AgVu in [L2(Q)]",
where u is solution of the homogenized equation

— div Ag(z) Vu(z) = f(x) in Q
(Fo) { ’ u e HLQ).
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The H-convergence of a sequence of matrices A. € L*(Q; M(a, 3)) is defined
through the weak convergence in HE(€2) of solutions of its associated elliptic partial
differential equations (P-). However the H-limit does not depend on the function f.

The next theorem implies that the set L>(; M(«, )) is closed under H-
convergence.

Theorem 3.4.1 (See [68]) For any sequence {A:} C L*°(Q; M(«, 3)) there exists
a subsequence which H -converges to some matriz Ay € L>=(Q; M(«, 3)).

The H-convergence implies the weak convergence of sequences {A.Vz.} in
(L. (2)]", whenever Vz. is the solution of an equation with a varying term f;,

without any precise boundary condition, as follows.

Proposition 3.4.1 (See [68]) If {A:} € L*(; M(a, B)) is H-convergent to Ay,
and the sequence {z:} satisfies

divA.Vz. = f. — f in H Q)
Ze — 2z in Hlloc(Q),

then
ANz — AgVz in [LE (Q)"

The main difficulty in characterizing the weak limit of {A-Vu.} lies on the fact
that the product of two weak convergent sequences does not converge, in general, to
the product of the limits. The following compensated compactness result shows that
under some additional assumptions such convergence, in the sense of distributions,
holds true.

Lemma 3.4.2 (div-curl lemma) (See [68]) Let {U.} and {V.} be two sequences
in [L2(Q)]" such that

U. — U in [L*(Q)"
V. — Vo in [L2(Q)]™
If
divU. — divU in H Q)
curl V. — curl V. in [H1(Q)™",
then

lim [ Vo) Vewhpla) do = [ V(@) V()oto) do V€ CF(0).

If we apply the previous result to the case
U. = A Vu., and V. = Vug,

with divU. = f and curlVz; = 0, the convergence of energies follows from the
H-convergence.



44 3 Homogenization of elliptic equations

Proposition 3.4.2 (See [68]) Let {A.} be H-convergent to Ao, and u. be the
solution of (P.). Then

i [ A@)Vus(a) - Vue()ele) de = /Q Ao()Vu(x) - Vu(z)p(x) dz,

for every ¢ € C§°(Q), where u is the solution of (P).



Chapter 4

Analysis of Young measures

L.C. Young introduced the notion of generalized curves (see [71]) to deal with
nonconvex minimizing problems in control theory, which do not have classical
solutions. In this type of problems one wishes to study the behaviour of minimizing
sequences, and this notion became very useful. Nowadays they are called Young
measures and are applied to nonlinear partial differential equations and conservations
laws, as well as to the analysis of the microstructure of composite materials.

4.1. Young measures associated with L’-sequences

Intuitively the Young measure v = {v, },cq, associated with a given sequence of
functions u; : @ — R?, may be thought as a family of probability measures v, on
R? which give the probability distribution of the values of uj, as j — oo, near the
point z. Namely, for any measurable set E C R%,

— lim lim Hy € By(z) : uj(y) € E}|
v(E) = lim fim | By ()] ’

where B, (x) is the ball centred at x € Q with radius r > 0.

Theorem 4.1.1 (Fundamental theorem of Young measures) (See [11]) Let
Q C R™ be Lebesque measurable with finite measure, and {u;} be a sequence of
Lebesgue measurable functions uj : Q — R?. Then there exists a subsequence {u;, }
and a family {vy}.cq of positive measures on R? such that

(I) ”VCCHM = fRd de < 1 fOT a.e. xr € Q,
(1) |[vellm =1, for a.e. x € Q, if and only if

lim sup {z €Q : |u; (z)| >T} = 0,
T—oo

45
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(1) if K C R% is a compact subset and
lim |{zeQ : u;(x) €K} = 0,

k—o0

then supp v, C K for a.e. x € Q,

1) for any continuous function ¢ : R* — R so that limy_, A) =0, it holds
¥ [A|—o0 #

P () =0 el = [ oW ) i L),
(V) if |vellm = 1, for a.e. x € Q, then for any continuous function ¢ : R? — R
so that {¢(u;, (1))} is equi-integrable in L*(E), with E C Q, it holds

o(uj, () jjoo (v.,p) in L'(E).

The family v = {vy}req is called the Young measure associated with the sequence
{uj}-

We are interested on the characterization of Young measures associated with
sequences {u;} in LP({;RY).

Definition 4.1.1 A family v = {vi}.cq of probability measures is the Young
measure associated with a p-equi-integrable sequence of functions wuj € LP(Q;Rd),
for some p € [1,00), if and only if, for any E C €,

iim [ plu;(@) do /E /R () () do,

j—o0
for every p € EP = { 0 € CRY) : lim| oo % exists }

In order to prove that a family v = {v; },cq of probability measures is the Young
measure associated with a sequence {u;}, it is enough to check that

tim [ o) é@) o = [ [ o) dh) ¢@) dn, ¥ L),
J—oo Jo Q JRre
for every ¢ € Cp (R?), whenever {¢(u;(-))} is weak* convergent in L>(£2). It is even
enough to take ¢ and ¢ in dense countable subsets of Co(R?) and L'(2), respectively.
The representation of weak limits is an important application of Young measures,
provided the barycenter of such measure is the weak limit of the sequence of functions
associated with. Indeed, if v = {v;},cq is the Young measure associated with
the bounded sequence {u;} C LP(Q;R?), then, for every Carathéodory function
P :QxRY— R so that {1(-,u;(+))} is weak convergent in L!($), we have

Ylu() = W) = Rdl/f(w)\) dv.(),

J

as a consequence of the following theorem, taking g(t) = ¢P, for some p > 1.
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Theorem 4.1.2 (See [49]) Let {u;} be a sequence of measurable functions defined
on Q with values in R, such that

sup /g(\uj(:nﬂ) dr < oo, (4.1)
JjEN JQ
where g : [0,400) — [0,400] is a continuous, nondecreasing function so that

limy_, o g(t) = +00. Then there exists a Young measure v = {v, },cq associated with
a subsequence {uj, } such that, whenever ¢ : Q@ x R? — RU{+o00} is a Carathéodory
function and the sequence {1(-,u;,(-))} is weak convergent in LY(2), its weak limit
is the function ¥ :Q — R defined by

¢($) = ¢(:L‘,)\) de(A)

Rd

Obviously, if we want to represent the weak limit in L' (Q) of our sequences,
it is indispensable their weak convergence in L' (€2). However bounded sequences
in L' need not to be weak convergent in L' (2), because this Banach space is not
reflexive. So, besides boundedness, the equi-integrability is necessary and sufficient
to ensure the weak convergence in L' (Q).

Theorem 4.1.3 (See [49]) Let v = {vz}zecq be a family of probability measures
supported on R® and depending measurably on = € Q. There exists a sequence of
functions {u;} such that {g(|u;|)} is weak convergent in L'(), and its associated
Young measure is v, if and only if

/Q /R g dia() dr < oo,

Particularly, the measure v = {v,}.cq is associated with a p-equi-integrable
sequence {u;} if and only if its p-moment is finite, ie

// AP dvy()) do < oo
Q JRA

Theorem 4.1.4 (See [49]) Let v = {vz}zecq be a family of probability measures
associated with {u;}. Then

lim inf / W, uy(@)) do > / W@, ) dus(\) da,
E E JR4

J—00

for every Carathéodory function 1) : E x R? — R bounded from below, and every
measurable subset E C .
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4.2. Homogenization and localization

In several situations, it is useful to deal with Young measures v which do not
depend on x € €2, ie homogeneous Young measures. There are two different processes
to obtain a homogeneous Young measure from one which is not: homogenization
and localization. The homogenization process consists in collecting the relevant
information concerning single elements v,, € €, into a unique homogeneous Young
measure, while the localization procedure concentrates on a particular element v,
with a € Q.

Theorem 4.2.1 (See [49]) Let Q and D be two regular domains in R™ with |0$)| =
|0D| = 0. Let {u;} be a sequence of measurable functions uj: Q — R%, such that

sup /Qg<ruj<x>|> iz < oo,

jeN

where g : R — [0, +00) is a continuous, nondecreasing function with lim; . g(t) =
00, and let v = {vz}zeq be the Young measure associated with some subsequence
{uj,}. Then there exists a sequence of measurable functions v; : D — R%, such that

sup /D g (o)) dy < oo,

jeN

whose associated Young measure is the homogeneous measure U given by

() |Q//]Rd ) dvg(N) dx = |Q|/ Ve, o) dz, ¥ @ € Co(RY).

The homogenous measure 7, defined through the average of v = {v;},cq, is the
Young measure associated with the sequence of functions v; : D — R? given by

(7)
y—z .
U](y) = uj ( (j)k > in (J) + 8](C )97
€k
where, for each j € N, {x,(fj) + s,(ij)Q}/,C is a family of pairwise disjoint sets such that
1
U DP9 0N, N =0, &P < -

In particular, if {u;} = {f} is a constant sequence, then the sequence of functions
fj defined by

()
y—a .
fily) = f( ok ) in 2y +e/0,
k
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generates the homogenous Young measure 7 given by

v = i x T
T0) = o [ e@) da.

so that the Riemann-Lebesgue lemma holds true.

Lemma 4.2.2 ( Riemann-Lebesgue ) Let Q and D be reqular domains in R™ with
109 = [0D| =0 and let f be a function in LP (;R?). Then there exists a sequence
of functions f; : D — R? whose associated Young measure is homogeneous and
defined by

. 1
79 = /Q o(f(@) dz, Ve Co(RY).

Notice that Proposition 4.3.3 below follows from the previous lemma.
Now let us recall the localization principle of Young measures based on a blow-up
argument around each x € Q.

Theorem 4.2.3 (See [49]) Let Q and D be two regular domains in R™ with |0§)| =
|0D| = 0. Let uj : Q — R be such that

sup /Qg(\uy'(fC)!) drz < oo,

J
where g : R — [0, +00) is a continuous, nondecreasing function with lim; . g(t) =
00, and let v = {vy}req be the Young measure associated with some subsequence
{u;, }. Then, for a.e. x € Q, there exists a sequence {uj(x+r;-)} defined in D, with
r; "\, 0, such that

sup /D o(lujz + ) dy < oo,
J

and it generates the homogenous Young measure vy.

4.3. Oscillations and concentrations

The strong convergence of a sequence of functions in a Lebesgue space is a
necessary and sufficient condition for its associated Young measure be a Dirac
measure concentrated on the limit.

Proposition 4.3.1 (See [49]) Let v = {vz}zeq be the Young measure associated
with a sequence {u;} C LP (Q;R?), such that {|u;|P} is weak convergent in L*(£2),
Jor p < oco. Then vy = 0y, for a.e. x € , if and only if the sequence {u;} is
strong convergent to u in LP (Q; Rd).
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In particular cases, we may have strong convergence only for some components
of the sequence. Also for this type of sequences it is possibly to characterize their
associated Young measures.

Proposition 4.3.2 (See [49]) Let v = {vz}zeq be the Young measure associated
with a bounded sequence of functions u; = (w;,z;) : @ — REXRE in LP (Q;Rd+€),
for which the sequence {w;} is strongly convergent to w in LP (Q;Rd), and let
i = {pa}ecq be the Young measure associated with the sequence {z;}. Then
Vi = Oyy(z) & pa, for a.e. x €.

Lemma 4.3.1 (See [49]) Let {u;} and {v;} be two bounded sequences in LP (). If
one of the following conditions holds true:

1 [ {z e : uj(x) #vj(z)} | — 0,

J—0o0

2. |luj — vy HLP(Q) — 0,
j—oo
then the Young measure associated with both sequences is the same.

The lost of strong convergence, for a bounded sequence {u;} C LP(Q;R?), may
be due to rapid oscillations in u; or by concentration effects. Though Young
measures associated with rapid oscillating sequences capture some information
on the oscillations, as follows in the proposition below, they do not capture
concentration effects.

Proposition 4.3.3 (See [49]) Let u € LP(Q;RY), with p > 1, be extended by Q-
periodicity to R", and let the sequence of functions uj(x) = u(jz) be defined in .
Then the homogenous Young measure U associated with the sequence {u;} is given

by
¢ = / o(u(y)) dy. Vo € Co(®™),
Q
Jim [ oley(@) do = /Q /Q (@, uly)) dy dx

for any Carathéodory function ¢ bounded from below.

The concentration effects occur when, given a weak convergent sequence {u;}
to u in LP(€;RY), the sequence {u; — u} converges in measure! to 0 and the total

!The sequence {u; — u} converges in measure to 0 iff; for any ¢ > 0,
limj_oo [{z € Q: |uj(z) — u(z)] > e}|=0. For example, if {Q;} is a sequence of subsets ; C Q
such that lim;_.. [©2;] = 0 and each point of Q belongs to infinitely many €;, the sequence

uj = Xq, converges in measure to 0.
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mass [, |u;(z) — u(x)|Pdz, as j goes to 0, is concentrated in a set of zero Lebesgue
measure. The last situation may occur when the sequence of measures {|u; —u[PL"}
is weak convergent, in the sense of measures, to v = md 4, for some A € €2, so that
the total mass is concentrated at the point A.

Clearly, the Young measure associated with a subsequence of {u;} converging in
measure to u, which is {6u(az)}xeﬂa does not capture possible concentration effects.

Proposition 4.3.4 (See [49]) If {u;} converges in measure to u, and {z;} generates
the Young measure p = {1z }zcq, then the sequence {u; + z;} generates the Young
measure v given by

ene) = [ oOtule) dul) Vo e CR.

In particular, if u=0, then {u; + z;} generates the same Young measure as {z;}.

It follows that the sequences {(uj —u) + z;} and {z;} generate the same Young
measure v, and thus the perturbation u; —u, for which a concentration phenomenon
may occur, has no effect on v.

4.4. Gradient Young measures

The characterization of Young measures generated by sequences of gradients is
due to Kinderlehrer and Pedregal, see [36, 37]. An important application of gradient
Young measures is the characterization itself of minimizing sequences of variational
problems.

Definition 4.4.1 A family of probability measures v = {v;} . supported on Raxn
is called a gradient Young measure if it is generated by a sequence of gradients {Vu;},
for some bounded sequence {u;} C WP (Q;Rd), with 1 < p < co.

Let us focus on the scalar case (d = 1).

Theorem 4.4.1 (See [36]) Let v = {v;},cq be a family of probability measures
supported on R™. There ezists a bounded sequence {u;} in WP (Q) such that the
sequence {|Vu;[P}, for 1 < p < oo, is weak convergent in L' (2), and v is the Young
measure associated with {Vu;}, if and only if

i) for some u € WHP (),

Vu(z) = / A dvg(A) a.e. in S,
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// AP dug(N) dz < oo, for 1 <p < oo,
(9] n

or,

suppv, C K, for a.e. z €, and p= oo,

where K C R" is a fized compact set.

Notice that this theorem is not valid for p = 1, because a bounded sequence in
WLH(Q) may not be weak convergent in W!(Q), and therefore we do not know if
the first moment [p, A dvy()) is the gradient of a function in WH(€2). But if we
assume this fact, then the theorem is valid.

Let us introduce two homogenization results concerning gradient Young
measures, which follow the ideas in the homogenization theorem and the Riemann-
Lebesgue Lemma, presented before.

Theorem 4.4.2 (See [36]) Let {u;} be a bounded sequence in W1P(Q;R%), with
affine boundary values uy (x) = Yz, for some Y € R>*". Let v = {v,}zeq be
the Young measure associated with the sequence of gradients {Vu;}. Then there
exists a bounded sequence {v;} in WIP(Q;RY), with the same boundary values as
{u;}, such that the Young measure associated with its sequence of gradients {Vu;}
is homogeneous and defined by

oy = L
for all ¢ € Co(R™)

Indeed, given a bounded sequence {u;} in W1P(Q;R?), we may define the
sequence of functions v; on 2 by putting

i z—a@) ) ‘ ' '
’UJ(IE) _ 8(]) 'LLJ (ﬁ) + Uy(al(c])) if o c al(gj) 4 €](€])Q,
uy () otherwise,

where {al(f ) eg )Q} is a family of pairwise disjoint sets such that, for each j € N,
QO = U(a,(ﬂj)—FE;j)ﬁ) UN]‘, ‘Nj|:0.

Thus

) . ,
Voi(z) = Vu, (x b > in o) 490,
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and v; —uy € WO1 P(Q)). Notice that we must bear in mind the boundary values
when we deal with sequences in W1P(Q;R%), moreover we have to enforce affine
boundary values for u;.

The same basic idea is taken in the following lemma where, instead of considering
a sequence {u;}, we use only one function w.

Lemma 4.4.3 ( Riemann-Lebesgue) (See [49]) Let Q and D be open, bounded,
regular subsets in R™ and let u € WYP(D;R?), with affine boundary values uy (x) =
Yz, for some Y € R&". Then there evists a bounded sequence {v;} in W1IP(Q; RY),
with the same boundary values as w, for which the Young measure associated with
the sequence of gradients {Vu;} is homogeneous and defined by

_ 1 /
v,p) = — [ o(Vu(z)) dz,
) = o5 [ euta)
for every ¢ € XP = { ¢ : R>*" = R continuous : |p(4)| < C(1+|A]P), C€R}.

Theorem 4.4.4 (See [49]) Let {u;} be a bounded sequence in WIP(Q;R?), and
v ={vz}zeq be the Young measure associated with {Vu;}. Let, for a.e. a € ,

F(a) = /Rdxn)\dua()\) and ug(x) = F(a)z.

Then there exists a bounded sequence {w§} in WLP(Q; RY) such that wi — uq €

Wol’p(Q;]Rd), and the Young measure associated with {Vw$} is the homogenous
measure V.

For each a € ©, the function w} may be defined in by putting

a 1 j
wj(r) = " (uj(a+rja:) - Méj)) ,

for some sequence r; ™\, 0, and constant MC(Lj ) such that

1
/wf(x) dx = /ua(x) dx, for every j e N.
0 €2 Jo

4.5. Laminates

An interesting example of gradient Young measures are the so called laminates,
ie gradient Young measures which are the convex combination of Dirac measures.
For instances, if we take two rank-one connected matrices A and B in R¥"| ie
B—A=a®n, then the probability measure

o = tda+(1-1)0p
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is a laminate, for any ¢t € (0,1). Indeed, consider the sequence of functions
uj: Q — R? defined by

uj(x) = Bz + j/o X(0,4)(8) ds a
such that
Vuj(z) = B+x0n(jz-n)a®@n = Axgmy(iz-n)+B(1—xou(iz-n)).

The function Vu; takes different constant values in alternating bands normal to ?i,
so that u; is continuous on the interfaces if Am = Bm for vectors m perpendicular
to n,ie B— A =a® n. The sequence {Vu;} generates the first order laminate o.

Proposition 4.5.1 (See [12]) Let A,B,Y € R¥™" such that B— A = a ® n and
Y =tA+ (1 —t)B, for somet € (0,1). Then there ezists a bounded sequence
{u;} € WE°(Q;R?Y) such that uj(x) = Yz on 09, and o =t 54 + (1 —t)6p is the
homogenous Young measure associated with {Vu;}.

Moreover, we may consider three matrices A, B, C' in R4*™ such that

—

A—(AB4+(1-=XNC) = a®n and C—-B=bxm, Ae(0,1).

Then there exists also a sequence {u;} C WH(Q;R?) so that {Vu;} generates the
Young measure

o = téa+(1—1t) (Nop+(1—\)dc).

In this way was introduced the (H;) condition on the pairs {(tz, Ax)}1<k<; in order

to
j .
_ t] 6 .

be a gradient Young measure. See, for instance [12, 23, 47, 43].

Definition 4.5.1 A set of pairs {(tx, Ar) h1<rk<j C (0,1) x RIX™  with ng t, =1,
is said to satisfy the (H;) condition if:

1. for j =2, rank (A1 — Ag) <1,

2. for j > 2, rank (A1 — A2) <1 and, if (after permutation of indices) we set
31 t2 .
st =t +to, B = ;Al"‘;AQ, Sk = th+1, Bk:Ak—i-l, 2<k<j—1,
1 1

the set of pairs {(sk, Bi)}1<k<j—1 satisfies the (Hj_1) condition.
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Thus it follows the definition of a laminate.

Definition 4.5.2 A probability measure o, with compact support in R s called
a laminate if there exists a sequence of sets of pairs {(t},, A1) b1<p<j C (0,1) x R¥>*",
satisfying the (H;) condition, such that o is the limit, in the sense of measures, of

th { 1416 }
e sequence > 1.ty A [0 e

L) = lim tl p(AL), V¢ e C(R™).
(o) = lim Z; o p € C(R™™)

Therefore, if o is a laminate with barycenter Y in R%*" then there exists a
sequence {u;} C W1°°(Q;R?) such that

1. uj(z) = Yo on 01,
2. u; is weak* convergent to Y in W1 (Q;R%),

3. limj [, o(Vu;(2)) dz = Q| [gaxn p(A) do(N), for every ¢ € C(R¥*™), je o is
a gradient Young measure,

provided the support of ¢ is a compact set.

However, if the probability measure o is a gradient Young measure, we cannot
ensure that it is a laminate. Indeed, there are examples of gradient Young measures
which fail the compatibility condition, ie (H;) condition. See [49] and the references
therein for more details.

4.6. Decomposition of sequences of gradient

Since Young measures do not capture concentration effects, as discussed in
Section 2.3, it is important, when dealing with gradient Young measures, to separate
the sequence of gradients into the oscillating part and a remainder carrying the
concentration effects. The following lemma states that any bounded sequence of
gradients in LP(£; R™*?), with 1 < p < oo, may be written as the sum of a p-equi-
integrable sequence of gradients and a remainder which converges to 0 in measure.

Lemma 4.6.1 (See [31]) Let {u;} be a bounded sequence in W1P(;R?) with 1 <
p < 00. Then there ezists a subsequence {uj,} and a sequence {v;} C WLP(Q;R?)
such that

i) {|Vvj|P} is equi-integrable,

i) limj_oo [{z € Q : uj, (x) # vj(x) or Vuy, () # Vouj(x)}| = 0.
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In particular, both sequences {Vu;, } and {Vv;} generate the same Young measure.
If Q has Lipschitz boundary, then {v;} C W (Q; RY).

In the scalar case, d = 1, and when p = 1, if some weak* convergent sequence
in L>®(;R™) may be decomposed as the sum of a strong convergent sequence of
gradients and a weak convergent sequence, both in L!(£2; R"), we may not ensure, in
general, that it is a gradient sequence itself in the sense that the sequence {curl V;}
does not converge strongly to 0 in W~1P(Q), as follows from the next lemma.

Lemma 4.6.2 (See [38]) Let {V;} be a weak* convergent sequence to V in
Lo(GRY). If V; = Vo, + B; with

i) {v;} weak convergent in WhH1(Q),
ii) {E;} strong convergent in L'(€;R"),
then curl V; — curlV in W=12(Q), for all p < +oc.

The following lemmas are a particular situation of Lemmas 2.15, 2.16, 2.17 in
[32], respectively, where we take the linear operator A = curl. See also Proposition
2.3 in [19].

Lemma 4.6.3 Let {V;} be a bounded sequence in LP(Q;R™), with 1 < p < +o0,
such that

i) V; >V in LP(QR),
i) curlV; — 0 in WLP(Q),
iii) {V;} generates the Young measure v = {vy}zcq.

Then there exists a bounded sequence {vj} C WLHP(Q) so that {Vv;} is q-equi-
integrable,

1Vi = Vojllzaqzny — 0 V1<q<p, /ij(x) do = /QV(Q;) dz,

and, in particular, v is the gradient Young measure generated by {Vv;}. Moreover,
if @ =Q then {Vv; — V} C Lb.,(Q; R™).
Lemma 4.6.4 Let {V;} be a bounded sequence in L*(;R™) such that

i) V; =V in LY(;R7),

i) curlV; — 0 in W=L(Q), for some r € (1, %)

iii) {V;} generates the Young measure v = {vy},cq.
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Then there exists a bounded sequence {vj} C WH(Q) so that {Vv;} is equi-
integrable,

Vi = Vv [|L1arn) - 0 /Qij(x) dv = /QV(x) dz,

and, in particular, v is the gradient Young measure generated by {Vuv;}. Moreover,
if @ =Q then {Vv; —V} C LL,.(Q;R").

per
Lemma 4.6.5 Let {V;} be a bounded sequence in L*°(£;R™) such that
i) V; =*V in L*(;R"),
i) curl V; =0 in LP(Q), for some p > n,
iii) {V;} generates the Young measure v = {vy}req.

Then there exists a bounded sequence {v;} C WH>(Q) so that

1V = V|| Lo (@;rm) - 0, /Qij(x) dr = /QV(:B) dx,

and, in particular, v is the gradient Young measure generated by {Vv;}. Moreover,

if Q= Q then {Vv; =V} C L%.(Q;R").

per

4.7. Multi-scale Young measures

A Young measure p = {ug}.eq associated with a sequence {u.} keeps the
information how the values of the sequence are distributed in a neighbourhood of
x, when € goes to 0. However the Young measure loses all information about the
oscillatory behaviour of its associated sequence, namely the number of oscillating
length scales, the directions of oscillation, ...

In order to study the multi-scale oscillatory behaviour of a sequence {u.},
Pedregal introduced in [52] the notion of multi-scale Young measure. This notion
comes from the study of the joint Young measure 6 = {0, }.cq associated with the

{0 () (@) @

where {li(g),...,In(e)} is a family of separated length scales. In this way, several

sequence

oscillatory test-functions <%> are considered, jointly with the sequence {u.}.
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Proposition 4.7.1 (See [52]) Let {li(¢),...,In(e)} be a family of separated length
scales. Then the Young measure associated with the sequence

@) (w@))

defined in Q, is the Lebesque measure over QY :

0®... LY.
N———
N times
The joint Young measure 6 = {6, },cq, associated with the sequence (4.2), gives
more information about the oscillations of {u.} than its associated Young measure.
From the slicing decomposition, for a.e. x € ), we may decompose each probability

measure 6, as
0, = By ,...yny @ ﬁ% ®...0 Ly,
N times
for some family of probability measures {4ey,,...yn }req, (... yn)cQN -

Definition 4.7.1 A family of probability measures {,u,x’y}er’yGQN, supported on
R?, is said to be the multi-scale Young measure associated with the sequence of
functions u. : Q — R, at the separated length scales 11(€),...,Ix(e), if the joint
Young measure 0 = {0, }zcq, supported on R? x QY , associated with the sequence

(0 (r) @)

may be decomposed, for a.e. v € Q andy = (y1,...,yn) € QY, as
ex == ﬂm,yl,..,,yN ® Eg/g ® o e ® ,C"é

The multi-scale Young measure {ta,y},cq con associated with a sequence {uc},
at the family of separated length scales {li(¢),...,In(c)}, satisfies the equality

N ) P

— /Q/Q .. /Q y Yz, N Y1, YN) Az g, gy (A) dyr ... dyn dz,

for every Charathéodory function 7 : Q x R? x Q¥ — R such that
{w (-,us(-), <W> ey <W>)} is weak convergent in L!(£2). Moreover, it gives

also information about the usual Young measure associated with {u.}. Indeed, the
family of probability measures 7 = {n,}scq, supported on R?, defined by

dnz(N) = dptgy, .y (N) @ dy1 ® ... ® dyn, for a.e. x € €,
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is the Young measure associated with the sequence {u.}, provided

lim /w(x,ug(x))d:c = /// (@, N) dptgy, .. yn (A) dy1 ... dyn dx,
eNo0 Jo QJQ Q JRE

for every Charathéodory function 1 : Q x R? — R such that {¢(-,u.(-))} is weak
convergent in L!(€2).

Theorem 4.7.1 (See [52]) Let {piay},cq eon be the multi-scale Young measure,
supported on R?, associated with the sequence {u:} at the family of separated length
scales {l1(€),...,In(e)}. Then, for a.e. x € Q, there exists a length scale r(g) such

that ri(e) = Zi((‘?) /00, for every 1 <i < N, and

1

(0 ey, .yn) = il\lf(l) @ /M(E)Q o(ue(z +li(e)[z] +li(e)yr + ... + In(e)yn)) dz

for a.e. (y1,...,yn) € QN and every ¢ € Co(R?).

The notion of multi-scale convergence may be rewritten using multi-scale Young
measures. Namely, if {24}, 0 yeon 18 the multi-scale Young measure associated
with {u.}, and {u.} multi-scale converges to ug, then

ty [
o ] (A ) o)t

for any Charathéodory function ¢ : Q x Q" — R, and it holds

wo(Z, y1,. .., Yn) = /d X dpizyy...yn (A); for a.e. (y1,...,yn) € QY.
R

It follows that the multi-scale limit ug is the first moment of the multi-scale Young

measure {fay},cq eqn-
Moreover, the homogenization of multiple integrals, with multi-scale periodic

densities, may be analyzed through the multi-scale Young measures, as follows.
Theorem 4.7.2 (See [52]) Let f(z,y1,...,yn,p) : 2 x QY x R® — R be such that
i) f is measurable in Q, continuous in QN x R™, and convex in R",
it) f is Q-periodic in yy, for every 1 <k < N,
iii) there exist C > ¢ > 0 for which
clplP < flz,yr,. . yn,p) < C 1+ |plP), with p > 1,

for every (x,y1,...,yn,p) € QA x QN x R™,
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Let {li(g),...,In(e)} be a family of separated length scales. Then the I'-limit, with
respect to the weak topology of WP(Q), of the sequence of functionals

L(u) = /Qf<:c,ll(i),...,l;’ég),vu(x)> da (4.4)

defined in WYP(Q), is the functional

I(u) = /Q From (@, V() dz,

where from : 2 X R™ — R is given by

N
fhom(xap): inf /Nf(CU7Z/17-~-7Z/N7P+Zvyivi(x73/1>-~-73/i>> dyldyN7

v, €EV; =1
with
U = {v;: 2 x Q' =R :vi(y1,...,u) € LP(Q), vi(z,y1,. .., Yi_1,-) € WI}G"?(Q)},
for every 1 <i < N.

When the density f is non-convex in the last variable, it is known that the
homogenized density from is defined in a different way.

Theorem 4.7.3 (See [51]) Let f(z,y1,...,yn,p) : 2 x QN x R" — R be such that
i’) f is measurable in Q, and continuous in QV x R",
ii) f is Q-periodic in yi, for every 1 <k < N,
iit) there exist C' > ¢ > 0 for which
clplf < fl@,y1,.-yn,p) < C(1+[pF), with p > 1,
for every (z,y1,...,yn,p) € Q2 x QN x R™.

Then the limit energy density of the sequence of functionals I, in (4.4) is the function
frhom : 2 x R™ — R defined by

fhom(xa P) =

1
= lim inf

N
— V. V; oY) | dyr - dyn.
T—>OOU7;€‘I/2'|TQN| TQNf (xvyla 7yN7p+Z yllvl(xvyla 7yl)> Y1 YN

=1
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Chapter 5

['-convergence of non-periodic
integral functionals

5.1. Introduction

A main issue in variational convergence is to determine explicitly the I'-limit of
sequences of functionals I; defined in an appropriate space. Namely, it is important
to study sufficient conditions under which sequences of functionals are I'-convergent
to integral functionals, whose densities are Charathéodory functions. By now, in the
case of sequences of abstract functionals, some sufficient conditions are well known,
as it was discussed in Section 2.2. In the case of sequences of integral functionals the
explicit characterization of the limit energy density is known in the periodic setting,
when the functionals I; are defined by

Ii(u) = /QW(jx,Vu(x)) dz,

where W : R* x R™ % — R is Q-periodic in the first variable, and satisfies a standard
growth condition with respect to the second one. For more details see Section 2.3.

In this chapter, we are interested in understanding the structure of general
sequences {a;}, for which the density of the I'-limit of sequences of functionals
of the form

Ii(u) = /QW(aj(x),Vu(x)) dx (5.1)

may be explicitly characterized through the integrand W, and the sequence {a;}
itself. This problem was firstly studied in [50], where a sufficient condition on the
sequence {a;}, called the Average Gradient Property (AGP), was introduced so that
the I'-limit of the sequence {I;} above could be effectively determined. Even though
in some situations this concept is tractable (for instance in the periodic setting), the
concept itself turns out to be a bit complicated to grasp.

63
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Therefore, the main point of this chapter is to introduce and explore a much more
tangible condition, which we called the Composition Gradient Property (CGP),
for reasons to be understood soon. The CGP leads to a rather clear way of
understanding the structure on the sequence {a;}, for which the I'-limit can be
effectively computed. One main advantage of it is the easy way that we may check
whether a sequence {a;} verifies the CGP. Besides, it is sufficient for the AGP in a
general non-periodic setting.

In order to understand how the CGP comes out, let us first understand the
significance of the AGP, indicating briefly the process of finding the I'-limit of the
sequence of functionals given by (5.1) through Young measures. Let {u;} be a weak
convergent sequence to u in WHP(Q), and let o = {0, }zcq be the Young measure
associated with the sequence {a;}, supported on R™. Moreover, let n = {1, }.cq be
the joint Young measure associated with the sequence of pairs {(a;, Vu;)}, which
may be decomposed as

Ne(A p) = par(p) ® oz(N) for a.e. z € Q.

Then we may obtain the following estimates on the lower limit:

lim inf /Q W(ay(x), Vuy (2)) do > /Q / L WO dusalp) o) do

j—00
> [ ew (n ] o duaao)) doy) ao

= lim [ CW(a;(x),p(z,a;(z))) dx,
j—o Jo

where CW (, -) represents the convexification of W (A, ) in R™, for any A € R™, and

we have defined the field ¢ : Q x R™ — R" by putting

o) = [ pdusale) (5.2)
Notice that, the weak limit Vu of {Vu;} in LP(Q;R"™) is given by
Vu(z) = / o(x,A) dog(N) for a.e. z € Q.

The AGP condition is tailored to ensure that the sequence of compositions
{¢(-,aj(-))} is “essentially a sequence of gradients”, as commented in Section 5.2.
Indeed, the composition ¢(-,a;(-)) consists in a reorganization, through averaging, of
the initial sequence of gradients Vu,; over “level sets” of a;. If such a reorganization
does not furnish a sequence of gradients, ie {a;} does not verify the AGP, then
there is not much that can be done in determining the integrand for the I'-limit,
because we cannot recover a gradient sequence for which the inequalities above
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are indeed equalities. But if it does, then the I'-limit can be effectively determined
through a minimization process in all fields ¢ for which the composition {¢(-, a;(-))}
is “essentially a sequence of gradients”.

The difficulty with the AGP is that its formal and rigorous definition is rather
involved. This is somehow not surprising as it is supposed to ensure, as indicated
above, that the process going from a sequence of gradients {Vu;} to the sequence
{¢(-,a;(-))} through (5.2) produces again a sequence of gradients. Because of this
we introduce a new definition, which is explored in Section 5.3.

Definition 5.1.1 A sequence {a;} C L(Q;R™), with associated Young measure
0 = {02} 4cq, satisfies the Composition Gradient Property (CGP) (with respect to
the exponent g > 1) if there exists a Carathéodory map ¢ :  x R™ — R™ such that,
for a.e. x €€,

1. ¢(x,-) is one-to-one over the support of o, for a.e. x € §;

2. {p(x,a;(x+1r;))} is “essentially a sequence of gradients” in the sense
el (e, ai(e -+ 739) l-ram) — 0,
for some sequence r; \, 0.

The main result in this chapter is to show the sufficiency of the previous
condition, as follows.

Theorem 5.1.1 Let {a;} be a sequence, with associated Young measure o =
{02} peq, such that the inverse image of any ball by a; is always a set of finite
perimeter. If {a;} satisfies the CGP, then it also satisfies the AGP.

This result provides an easy and practical way of checking whether a sequence
{a;} satisfies the AGP. See Section 5.4. Namely, for each x € 2, one has to find an
one-to-one continuous map ¢, : R — R™ for which the sequence {y;(a;(z +1;-))}
may be approximated by a sequence of gradients in the unit ball B, when r; is chosen
so that the sequence {a;(x + r;-)} generates the homogeneous Young measure o.

Once it is known whether a sequence satisfies the CGP, let us consider a sequence
of functionals defined in W1?(Q) by

L) = [ W), Vulw)) da. (5.3)
Q
where W (A, p) is continuous in R™ x R", and satisfies

i) ci(|plP — 1) < W(aj(x),p) < ca(|p? + 1), for a.e. x € Q and every j € N,
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i) [W(A1,p) —W (A2, p)| < w(|A1 — A2|)|p[P, for some continuous function w with
w(0) = 0.

Then finding the I'-limit of {I;}, as a main application of this condition, requires
to find, for each z € 2, a sequence of radii r; so that {aj(z + r;-)} generates
the homogeneous Young measure o, in the unit ball B, and to find one-to-
one continuous maps ¢, such that {¢,(a;(x + r;-))} is “essentially a sequence of
gradients”. Specifically, and to stress the scope of the CGP in the computation of
I-limits, we rewrite Theorem 1.2 in [50] replacing the AGP by the CGP as follows,
so that its proof remains intact due to Theorem 5.1.1 above.

Theorem 5.1.2 Let {a;} be a uniformly bounded sequence, with Young measure
0 = {0z} ,cq, verifying the CGP. For each x € ), let {r;} be a sequence of radii
such that the sequence {a;j(x +1;-)} generates the homogeneous Young measures o,
in the unit ball B, and put

Az = {¢ : R™ — R" continuous, onetoone : || curlp(a;(z + r;-)) [lw-1az) — 0},

for some ¢ > p > 1. Then the T'-limit (in the weak topology of W1P(Q)) of the
sequence of functionals in (5.3) is given by

I(u):/QW(x,Vu(x)) dx,

where the density W : Q x R®™ — R is defined by

Wie.p) = inf { [ WO o) doa() ¢ = /

o do) b
Notice how functional I can never provide the I'-limit for a sequence of
functionals determined by a sequence of functions a; not satisfying the CGP
condition, as in this situation the class A, of admissible fields ¢ would be empty.
This is discussed in Section 5.5.
An interesting corollary of the (reinforced) CGP condition can be deduced
identifying sequences of functionals having the same I'-limit.

Corollary 5.1.3 Let {a;} C L>®(Q;R™) be a sequence with Young measure o =
{o2}zeq, for which there exists a Carathéodory map ¢ : Q@ x R™ — R™ such thalt,
for a.e. x €,

i) o(x,+) is one-to-one over supp oy;
i) {p(x,a;(x+r;))} is weak* convergent in L*°(B;R™), for some r; \, 0;

iii) curl p(x,a;(x+r;)) — 0 in LP(B), for some p > n.
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Then there is a sequence of gradients {Vu;} bounded in L*°(;R™), and a
Carathéodory map ¢ : Q x R® — R™, so that the I'-limits of the two sequences
of functionals

Ii(u) = / W(aj(z),Vu(x)) de and Jj(u) = / W(¢p(x, Vu;(x)), Vu(z)) dx
Q Q
coincide for every integrand W : R™ x R™ — R as in the previous theorem.

The relevance of this corollary is clear. In a sense, we can restrict ourselves to
computing I'-limits associated with sequences of gradients. I'-limits of functionals
generated by oscillating sequences of functions which are not gradients may be hard
to compute in the non-periodic setting.

In Section 5.6 we explore some examples of sequences {a;} satisfying the CGP,
and compute explicitly the I'-limit of their associated sequences of functionals.

5.2. The Average Gradient Property

In this section we discuss the definition of Average Gradient Property (AGP)
in order to explore some sufficient and necessary conditions for it. In plain words,
one would say that the sequence {a;} satisfies the AGP if averages of gradients over
“level sets” of a; are gradients themselves.

Definition 5.2.1 A sequence {a;} C LY(;R™), with associated Young measure
0 = {0z }req, is said to satisfy the Average Gradient Property (AGP) (with respect
to the exponent q > 1) if, for a.e. x € Q, whenever:

1. the sequence of functions af(-) = aj(z+r;-) : B CR"™ — R™, for some r; \, 0,

generates the homogeneous measure oy;

2. for each j € N, there exists a family of pairwise disjoint balls in R™,
(5029},

with radii rl(gj) < r; and center )\](Cj) e R™, for every k € N, such that

02 (RW\UB()\g),r,ﬁj)O =0,

k

3. ve WyU(B),
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then the sequence of fields Vi* : B C R"™ — R" defined by

" 1
Vi (y) = Z XQ;{,C(?J) |QT
k Ik

Vu(z) dz,
Qf,k

where
o= @) (BOP ) = {veB gty e BOY D) |,
is “essentially a sequence of gradients” in the precise sense

|| curl V]x Hw—l,q(B) 7 0. (54)

This means that, to verify whether a sequence {a;}, with associated Young
measure 0 = {0, },cq, satisfies the AGP, we should fix any point x € 2, and follow
the three steps:

1st. Take a positive real sequence r; ~, 0 for which the rescaled sequence
{aj(x 4+ r;-)}, defined in the unit ball B C R™ , generates the homogeneous
Young measure o,. Since the sequence {a;} generates o, this is a standard
procedure called localization of Young measures, as referred to in Section 4.2,
so that there is always such a positive real sequence.

2nd. A covering by pairwise disjoint balls of the support of o, in R™ should be
built, for each j € N, so that the family of inverse images of such a covering by
aj(z +rj-) is a covering by pairwise disjoint sets of the unit ball B C R", as it
is exemplified below. Therefore any sequence of piecewise constant fields V"
defined in B by the average of any gradient field Vv over each inverse image

is well-defined.

Q supp o,

Figure 5.1: Coverings of B(z,7;) and supp o,.
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3rd. It remains to check whether the sequence {V;’}, defined previously for any
arbitrary gradient field Vv, is “essentially a sequence of gradients”, in the
sense that the sequence {curl %3 } converges strongly to 0 in W—14(B).

If {V"} converges weakly in LY(B;R") and {curl V"} converges strongly to 0 in
W—14(B), then it follows from Lemma 4.6.3 that there exists a bounded sequence
{v;} € WH4(B) such that

[ V¥ =V, HLp(B;Rn) 7 0, for any p < gq.

Notice that there exists a gap between the exponents. So we will say that the
sequence {Vf } is “essentially a sequence of gradients” whenever

[ curl Vi* [lw-1.4(m) - 0,

provided it may be approximated by a sequence of gradients.
On the other hand, if there exists a bounded sequence {v;} C W19(B) such that

| Vi = Vvj || a(Birn) - 0,
we may conclude
| curl V¥ |lyy—1.4(m) — 0,

because the first strong convergence implies the strong convergence of {curl (Vf —
Vu;)} to 0 in W~14(B), and we have, due to the linearity of curl,

curl (V* = Vu;) = curl V' —curl Vo; = curl V"

A laminate is a simple example of a sequence satisfying the AGP condition.
Namely, consider the sequence {a;} defined in @ by

aj(z) = Aix(oy (<]ﬂ: . ﬁ>) + As (1 = X(0,t) <<Jf’3 : 7_{>)>

for some fixed unit vector n € R" and ¢ € (0,1), with associated Young measure
o = t6a, +(1—1t)da,

supported on {Aj, A2} C R™. In the definition of V7,
parameter x, due to the homogeneity of 0. Thus, the sequence of fields V; : @ — R"

defined by

Vily) = <‘Q;, i ) dz) X0,4(y) + (Q;, /| ve) dz) X0, (0);

we may drop from now the
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for any v € Wy'%(Q), with

Qi1 ={yeR : aqi(yy=A1} and Q5o = {yeq : ai(y) =42}
such that Q) = Q;1 U Q; 2, satisfies the condition

|| curl V; wal,q(Q) T) 0.

Q,

supp o

Figure 5.2: Laminate satisfies the AGP.

Indeed, if we put

1 1
vi = / Vu(z) dz and V? = / Vu(z) dz,
! 19511 Ja,, ! 1952] Ja,,
then it comes from Green’s formula
1 1
vi-v: = / Vu(z) dz — / Vu(z) dz
o 1511 Ja,, 2] Ja, .,
1 1

= + / v(z) dH" (2 ﬁ,
(lﬂj,ll \Qm\) 20,1 =) )

provided —n is the outerward normal vector to 082 2, while n is to 0€;1. Thus we
conclude

Jim [ eurl Vi llw-ra) =

= lim sup /Q [Vi(y) @ Vw(y) — Vw(y) @ V;(y) ] dy ‘ =

700 w4y <1

~ lim sup / [V} ® Vu(y) - Vu(y) © V'] dy +
Q

I700 ol 1 g <1

1,9" = J,1
0

+ / [Vf ® Vw(y) — Vw(y) ® Vf] dy
ijz
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=m0 v en—ie 0 v ww @)
081

T2 flw| g g <1
1 1 / .
+ v(z) dH" (2
(o |Qj,2|>(mj,1 ) ”)

(ﬁ@ﬁ—ﬁ@ﬁ)] w(y)d'H"_l(y)‘ = 0.

= lim  sup /
J_)OOHw”WL‘Z,<1 8Qj71

145
Remark 5.2.1 The sequence of functions a; : Q — Q defined by

aj(z) = (jx) for every j € N,

which generates the (homogenous) Lebesgue measure over @, satisfies the AGP.
Indeed, if we consider, for each j € N, a family of pairwise disjoint cubes {Q,(CJ)},
with side length h,(cj) N\ 0, as j — oo, such that

‘Q\UQEJ)
k

= 0, and ‘Q\Uaj (Ql(cj)>

then the sequence of fields V; : Q — R" defined by

1
Vi) = 3 xw@) o [ Vele) da
p Qy; |Ql(<:J)‘ QI(CJ)

for any v € Wol’p(Q), converges strongly to Vv in LP(Q;R™). Notice that, for a.e.
yeQ,

. . 1
lim V() = Vo) = lim | o [ Vo) dz = Vo
J J |Qk(j)‘ Qy
. 1
lim — | [Vu(z) = Vu(y)| dz= = 0,
’ Qx| /@)

where {Ql(j()J)} is a diagonal sequence of cubes shrinking to the Lebesque point
y. Applying the Lebegue Dominated Convergence Theorem, it is clear the strong
convergence in LP(Q;R™). Since curl Vv = 0, we conclude that {curl V;} converges

strongly to 0 in W~1P(Q).

5.3. The Composition Gradient Property

A main contribution of this chapter is the definition of a new sufficient structural
condition, called the Composition Gradient Property (CGP), on the sequence
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{a;}, to the explicit characterization of the limit energy density of sequences {I;}
determined by {a;}. In this section we explore the CGP condition having in mind the
proof of the main result, Theorem 5.1.1, and a completely general way of identifying,
or constructing, sequences satisfying it. Basically, a sequence {a;} satisfies the
CGP if composed with an one-to-one, continuous map is “essentially a sequence of
gradients”.

Definition 5.1.1 A sequence {a;} C LI(Q;R™), with associated Young measure
0 = {02} 4cq. satisfies the Composition Gradient Property (CGP) (with respect to
the exponent q > 1) if there exists a Carathéodory map ¢ : Q x R™ — R™ such that,
for a.e. x €,

1. @(x,-) is one-to-one over the support of o;

2. {¢(z,a;(x +1;-))} is “essentially a sequence of gradients”, in the sense
| curl o(z, a;(x +r;)) llw-ra(m) — 0,

for some sequence 1; "\, 0.

When a sequence {a;}, with associated Young measure o = {0, },cq, satisfies
the CGP, there exists a Carathéodory map ¢ such that the push-forward measure
of o through ¢, given by

{402}t peq

becomes a gradient Young measure. Indeed, it follows from Lemma 4.6.3, there
exists a bounded sequence {u;} C W14(Q) for which

| Vu; — (-, a;(7)) ”LP(Q;R") T’ 0, p<gq.

This clearly implies that the sequence {¢(-,a;(-))} generates a gradient Young
measure. Since o is the Young measure associated with {a;}, we conclude that
{o(x,)402} e 18 the one associated with {¢(-,a;(-))}. So, to recover a gradient
sequence, from the reorganization of a given sequence {a;}, is the main idea beyond
the CGP condition, as the name referred to.

Notice that condition 2. in the definition of CGP is not equivalent to say that
the family of probability measures {¢(z,)30:}, ., is a gradient Young measure.
Namely, the sequence {¢(-,a;(-))} may not be “essentially a sequence of gradients”,
even in the case {¢(z,)30:}, ¢ is a gradient Young measure. For example, consider
the homogenous measure

P10 = Lo T (1=1)dg(ay)
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with o(A;) — ¢(A2) || 7, and 7 # m, which is generated by the sequences

plaj(x)) = (A1) X0y (<yw : ﬁ>> + p(Az) (1 — X(0,1) (<Jx : ﬁ>)>
and

p(aj(x)) = (A1) X0, (<J$ : 77”&>) + ¢(Asg) (1 = X(0,t) (<va : 771>)) :
so that {¢(a;(-))} is a gradient sequence while {¢(a;(-))} is not.

Remark 5.3.1 Notice that the sequence of periodic functions a; : QQ — @ defined by
a;j(z) = (jx), whose associated Young measure is the Lebesgue measure supported on
Q, does not satisfy the CGP condition. Indeed, the existence of a map ¢ : ) — R™
such that {curl p({j-))} converges strongly to 0 in W~=19(Q) requires constant values
on the boundary, which is incompatible with the one-to-one condition on the map .

In order to understand the structure of sequences {a;} satisfying the CGP, we
provide some necessary and sufficient conditions, as follows.

Lemma 5.3.1 Let {a;} C L9(Q;R™) be a sequence, with associated Young measure
o = {oz}zeq, and {Vu;} C L*(R"), with associated Young measure v =
{Vz}req. Assume there exists a Carathéodory map ¢ : Q x R" — R™ such that,
for a.e. x €€,

1. ¢(x,-) is one-to-one over supp v, ;

2. laj(z+r;)—o(x, Vuj(x+55°)) (| Lo (Birm) — 0, for some sequences rj, s; \, 0
so that {aj(x+r;-)} generates the homogenous measure oy, and {Vuj(x+s;-)}
generates vy.

Then there exists a Carathéodory map ¢ : @ x R™ — R"™ for which, for a.e. x € €,
i) o(x,-) is one-to-one over Supp oy;
i) || eurl o(x, aj(x +75°)) lw-r9() — 0

Proof. For a.e. x € Q, ¢(x,-) is continuous and one-to-one in the compact set
supp vz, so that we can consider the inverse map ¢ !(z,-) : Im¢(z,-) C R™ —
supp v, C R™, which is continuous and one-to-one in Im ¢(z,-). Thus

lim /B ‘ q&’l(x,aj(x +7y)) — Vu;(x + s;y) ‘q dy =

Jj—00

= lim /B ‘ ¢_1(x,aj(x + ij)) - ¢_1($7 (b(x, Vuj(x + Sjy))) ‘q dy =

J—00

IN

lim [ claj(z+ry) — ¢z, Vuj(x + s;9)) |7 dy = 0,

j— JB
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for some constant ¢ > 0. This implies that the sequence {curl¢=*(z,a;(z +r;-))}
converges strongly to 0 in W~14(B), ie

| curl ¢~ (z, aj( +71;) lw-ra(m) 7 0.

Notice that, the sequence {¢~!(x,a;(x+7;-))} generates the homogenous Young
measure v, which is the Young measure associated with {Vu;(x + s;-)}. Thus

Vg = ¢_1(.’E, ')ﬁo-afv
and o, may be characterized by the push-forward of v, through ¢(z,-), ie

Oy = (ﬁ(l’, ')ji’/xa

so that
Im ¢(z,-) = { é(z,p) €R™ : p€suppv, } = supp oy.
O

In this way we can find many sequences {a;} satisfying the CGP. It is enough
to consider a sequence of gradients {Vu;}, with associated Young measure v, and a
continuous and one-to-one map ¢(x,-) over supp v, and put

aj(z) = ¢(x, Vu;(z)).

Particularly, we may simply consider sequences of functionals determined by
sequences of gradients a; = Vu;. Many examples of sequences {a;} satisfying the
CGP condition are explored in the last section of this chapter.

However the reverse implication, in the previous lemma, is not exactly true, as
it follows from next lemma.

Lemma 5.3.2 Let {a;j} C L>®(;R™) generate the Young measure 0 = {04 }zeq,
and ¢ : Q2 xR™ —R" be a Carathéodory map such that, for a.e. x € €,

i) o(x,-) is one-to-one over supp oy;
ii) {¢(z,a;(x +1;-))} is weak* convergent in L*°(B;R"™), for some r; \, 0;
iii) curl p(x,-,a;(x +r;)) = 0in LP(B), for somep > n.

Then there exist a Carathéodory map ¢ : Q x R® — R™ so that, for a.e. = € €,
there exists a sequence {Vv;} C L>®(B;R"™) with associated Young measure v,, and

1. ¢(z,-) is one-to-one over supp Vy;

2. |laj(z +rj) = ¢z, Vo;()) L~ BiRm) — 0
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Proof. For a.e. x € (, since {p(z,aj(x+1;-))} is weak* convergent in L>°(B;R")
and {curlp(z,-,a;(x + rj-))} converges weakly to 0 in LP(B), for some p > n, it
follows from Lemma 4.6.5, there exists a sequence of gradients {Vv;} C L*>(B;R")
for which

| Vo; — ¢(x,a5(x +75°)) | oo (BRR) - 0.

Particularly, the sequences {Vw;} and {¢(x,a;(z + r;-))} generate the same
homogenous gradient Young measure. On the other hand, since ¢(z, -) is continuous
and one-to-one over supp o, there exists the inverse map ¢~ '(z,-) : Imp(z,-) C
R™ — supp o, C R™ such that

|7 @ oy ()) = ase +75) lomipam — O

5.4. Sufficiency of the CGP

This section is dedicated to the proof of Theorem 5.1.1, which is based on the
following lemma. This lemma states that, if there exists a sequence of piecewise
constant fields, in a given partition of the domain 2, which is “essentially a sequence
of gradients”, then the sequence of fields with constant value, equal to the average
of gradients, in each set of such partition, is “essentially a sequence of gradients”,
too.

Lemma 5.4.1 For each j € N, let {Q(j)}keK C R™ be a countable family of

pairwise disjoint sets, with finite perimeter, such that Q = Ukex ) Qk . If the
sequence of functions V; : Q — R"™ given by

Z F XQJ> ),

keK(5)

with \Flgj) — Fi(j)] > ¢ > 0, whenever k # i and for all j, is “essentially a sequence
of gradients” in the sense | curlVj |y-1.4() — 0, then the sequence of functions
j

Uj : Q@ — R" defined by

1
Ui = 3 [y T0w) dy 30 @),
keK(j) k k

for any v € Wol’q(Q), is “essentially a sequence of gradients”, too.
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Proof. Assume that, for some ¢ > 1,

lim |[[curl Vj [ly-14¢0) = lim sup [(curl Vj,w)| =
j—00 Jj—00 lelwlyq'gl
0
= lim sup / [Vi(z) ® Vw(z) — Vw(z) @ Vj(x)] dz
I wll <t 10
0

= 0,

with

[ i) @ Vate) - Vo) & Vi) dr =

- ¥ (F,§f> ® [ Vw@)dr— [ Vw()dre F,E”) .

. Q(J) Q(])

keK(j) k k

It follows from the Green formula

Vuw(x) dz = / w(x) ﬁ,(g)(x) dH" ! (z),

ol o0l
where ﬁ,(:)(a:) is the outer unit normal vector at x € 891(3 ),
Then we realize that, for each k, there exists ¢ for which

a0y Mool # 0.
Let F,(CJ 2 be such intersection of boundaries, ie
ry) = a0 Mool # 0,

so that ﬁg)(a@) = —ﬁgj)(m) for H" l-a.e. x € T]ijl).. Therefore

() _
Z) (Fk ® Vw(z)dx

J
keK(j Q

- ¥ ((F,g”—F;”)@ /F (j)w(x)ﬁﬁj)(x) dH" () —
(4)

i,keK kyi

Vuw(z)dr ® F,gj) =
Q}(c])

[, v i@ ey e (9 - F;a‘))) |
F(J)

and

lim sup Z /Fj) w(z) [(Féj) _ Fi(j)> ®ﬁ,(€j)(a:) _

j (
J—00 Hw||W&7q/§1 k‘EK(]) k,i
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Provided |F]§] ) _ F; ) | > ¢ > 0, no intersection of boundaries is missing in the
previous sum. From (5.5) and the arbitrariness of w, we conclude that

lim  sup sup
J70 i keK(5) g;el“(j)k,i

7

(F9 - FN e n @) - n @) @ (FP - FY) \ = 0(5.6)

This means that there exist constants c,ij) such that the differences ﬁ)g)(:p) -

c,(gj ) (F ,gj ) Fi(j )) converge to zero uniformly along the interfaces I l(€j 3, ie at the limit,
the jumps of the vector field V; across interfaces F,gjg are parallel to the normals to
those same interfaces.

Take now any v € Wol’q(Q), and put

. 1 1 —() _
o — / V() dy = —— / o) g () dH (),
|Q](€J)‘ o) yQ](j)| o0l

so that

Uile) = 3 xgu(@) G

keK(5)

Then, as before, || curlUj [lyy-1.4() — 0, as j — oo, if

lim  sup 3 / L ul) [(G,(g" — V) 2790 + 5.7

j—o0 Hw”wolvq’gl KEK () r
- @ e (6 —Ggﬂ)] dH" () | = 0.
Notice that, since F;Cjz = 8953) N 892@, we may write

G](j) o GE]) —
B 1 —(j) n( 1 n—1
o ‘Ql(cj)‘ /r%)fj) v(y) ny"(y) dH ‘Q(J)’ /BQ(J) (v) dH™(y)
B 1 —(j) n( 1 n—1
o |Q( )‘ /(J) (y) "k ( )dH ‘Q(])’ /Fl(cj) dH ( )

- <|Q% )| |Q J),) /(J) v(y) E;(j)(y) d'Hn—l(y>

k
- / ) (),
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so that the limit in (5.7) is equal to

lim  sup E Cii w(w) v(y) ﬁ,(:)(y) dH" Y (y) ® ﬁ;(j)(x)
j—00 ’ (49) ©))]
ol 10 <t ke (s) e Tesi

@ e /F ") 7 () dH“(y)] aH" () ‘ .

Provided, the difference ﬁ,ij)(y) - c(j ) (F,g] ) Fi(j )> converges to zero uniformly

in F,(jz, we may replace né )( ) by c,(i,) (F,g] ) Fi(j )) in the previous limit, which

implies
P v | et <|Q“ ] |> oy Jg @ e
[(F( F(J ) ® (F,gj) _ Fi(j)> _ (Flgj) _ Fi(j)) ® (Flgj) _ Fi(j))] ‘ — 0.

From the previous lemma we may deduce the structure of a partition of €2 where
a gradient sequence may be defined. Namely the normals to the interfaces should
be determined by the jumps of the sequence through such interfaces. In the next
remark we focus on an example of a partition where a gradient sequence cannot be

defined.

Remark 5.4.1 For each j € N, consider the family of pairwise disjoint sets
J
{ Bi \ B@} ;
j i Jk=1
where B; stands for the ball centred at the origin and with radius i, such that
J
U 5\
b1 J
The sequence of functions V;: B — R? defined by

J
= > FY xp,5,, (@)
k=1 J
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Figure 5.3: Curved layers centred at the origin.

is not “essentially a gradient sequence”, in the sense that the sequence {curl V;}
does not converge strongly to 0 in W~19(B). Indeed

T ||l Vo) =

= lim sup
— 00
7T Ml <1

/B[vj(;c)eww(x)—vw(x)@v;(x)] du

j
= lim sup Z/ [F]EJ) ® Vw(z) — Vw(z) ® Flgﬂ)} dr | =
=0 HU’HWLq/Sl k=1 Bﬁ_\kafl
0 J J
j—1
= lim sup / [( ,5])+ F,gj)_> ® nx(z)w(z) —
I7% ol g <t | P 7

w(@) i (2) @ (F* —E9") as] ‘ £ 0,

D+ _pli)-

where Ek = (")Bk, n k( ) is the outer unit normal for x € Ek ,and Fy’

[V]gk zs the jump of Vj through Ek The last limit is not equal to 0 because the
J

normal nﬁ( x) depends on the point x € X, and it cannot be approzimated by the
J J

constant jumps FIEJ)JF — F,gj)f along the interface Xy .

J

Now, we are able to prove Theorem 5.1.1, ie if {a;} satisfies the CGP condition,
then it satisfies the AGP. Namely, if the composition {¢(-,a;(-))} is “essentially a
gradient sequence”, we have to show that there exists a partition 2 such that any
sequence of piecewise constant fields, equal to the average of gradients, in each set

of the partition, is “essentially a gradient sequence”, too.

Proof. (of Theorem 5.1.1) Let 0 = {0 }zecq be the Young measure associated
with the sequence {a;}, so that suppo, is a bounded open set in R™, for a.e.
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x € Q. Let o : Q@ xR™ — R"™ be a Carthéodory map such that, for a.e.
x € Q, ¢(x,-) is continuous and one-to-one in the support of o,, and the sequence
{curlp(x,a;(x+r;-))} converges strongly to 0 in W—14(B). For a.e. z € (, let {r;}
be a sequence of positive real values, tending to 0, for which the rescaled sequence
{aj(z + r;-)}, defined in the unit ball B C R", generates the homogeneous Young
measure o,. Thus

1

Jim o [ e dy = [ pla) do)

From Lemma A.5.2, for each j € N, there exists a set of points {/\g)} C supp oz
()

and positive numbers 7,7’ < r; such that

(B r) 1

() ©)

is a family of pairwise disjoint balls, centred at A;’” with radius r;’’, for which
<Rm\UB 2oy )> =0,
and
Lot do) = im 3 oaBOL ) o)
Notice that
-1 (4) (J)
a; ' (x+r; BN r
lim sup ax(B()\,(CJ),r,(f))) - la; ]|BT i il ‘ = 0.
j—oo

So, let us define the subset Qf & by
Q) = aj_l(ac—i—er()\lgj),r,(gj)))

such that it has finite perimeter, and for each j € N, we may consider a countable
family of pairwise disjoint sets {Q]mk}k satisfying

B\ J9%5x
K

We define the fields V/": B C R" — R™ by putting

Vir(y) = Z xaz, o(z,aj(z+1rjz)) dz =

= Z XQ;,c y
k

kl s,
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so that |Ff — F7;| > ¢ > 0, whenever k # i, provided the right choice of {QF, }x,
and ¢(z,-) is one-to-one over supp o,. Since

0 = Jim | [ ewaat ) dy = 3 o BOP ) el )
k
_ 1 d BO\@ O 2\
= lim > Bl o, w(w,aj(:rﬂ"jy)) y — o(BO ")) ela, A7)
k

J—00

= lim Z( e(@,aj(x +rjy)) dy — Iﬂik!sO(w,Ag))) ‘
k

= lim |3 (1050 FF — 190w 2))

J—00

)

k
we conclude
lim / }Vx o(z,aj(z +1;y)) ‘qdy = hm Z]Q ]‘ka (x,Ag))q = 0.
]*)OO

Thus it follows

| curl Vi¥ [ly-1.4(m) - 0 (5.8)

because, by hypotheses, {curl p(z,a;(x+r;-))} converges strongly to 0 in W~14(B).
Then we may apply Lemma 5.4.1 to the sequence {V"}, ie we may replace, in the

definition of V.*, the field ¢(x, aj(z+r;-)) by any gradient field Vv, with v € Wol’q(B),
and the sequence {V’} is again “essentially a gradient sequence”. In this way, we
have proved that {a;} satisfies the AGP condition.

U

5.5. Explicit characterization of the density of the I'-
limit

The explicit characterization of the limit energy density of sequences of
functionals of the type

= /QW(aj(JU),VU(JC)) dx (5.9)

defined in W1P(Q), with W (), p) continuous in R™ x R™ and satisfying

i) elplf —1) < W(ay@).p) < C(plP +1), for (z,p) € QxR
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i) WA, p) = W(Aa,p)l < w(ld = X2f)[plP, for every Ai, Ag € R™,

where w : RT — R is continuous and w(0) = 0, was already studied in [50],
for sequences {a;} satisfying the AGP condition. Though the AGP is a general
condition, it is not so tractable, as explained in the Introduction. In the previous
section, a much more understandable condition was introduced, which allows to
handle the procedure of computing and characterizing the limit energy density.

Therefore, according with Theorem 5.1.2, if the sequence {a;} satisfies the CGP,
the sequence of functionals given by (5.9) is I'-convergent to

I(u) = /QW(x,Vu(x)) dz,

where the density W : Q x R” — R is defined by

W(e.p) = inf { [ W) dn) s o= [ ey doxu)}

SOEA:):
with
A = {go : R™ — R" continuous, onetoone : | curl p(a;(x +1;)) [lw-1.48) — 0} ,

for some ¢ > p > 1, whenever the sequence {a;(z + r;-)} generates the homogenous
Young measure o,. Clearly, this characterization of W, through the minimization
of the functional

F(p) = o CW (A p(N)) doz(N)

under the constraint
p= [ o) dos (),

in the admissible set A,, is well-defined whenever A, is non-empty. The CGP
condition ensures that A, is non-empty.

Proposition 5.5.1 Let {a;} generate the Young measure 0 = {0, }zcq so that, for
a.e. © € Q, the sequence {aj(x+1;-)} generates the homogenous Young measure o,;.
If {a;} satisfies the CGP (with respect to exponent ¢ > 1) then, for a.e. x € §2, the
admaissible set

Ay, = {¢:R™ — R" continuous, one to one : | curlp(a;(z + ;) lw—raB) — 0}
18 mon-empty.

Proof. 1t follows immediately from the definition of CGP. 0

Thus we may compute explicitly the limit energy density of the sequence {I;}
whenever the sequence {a;} may be transformed into a sequence of gradients
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{o(,aj(-))}, in the sense {curl ¢(-,a;(-))} converges strongly to 0 in W~14(Q).
Moreover, if we consider a reinforced CGP condition, ie assuming {curl ¢(-,a;(-))}
converges weakly to 0 in LP(Q), stated in Corollary 5.1.3, it is possible to identify
different sequences of functionals with the same limit energy.

Proof. (of Corollary 5.1.3) Let {a;} be a sequence in L>°(§; R™) satisfying the
hypotheses in Corollary 5.1.3. Then, from Lemma 5.3.2, there exists a Carathéodory
map ¢ : 2 x R” — R™, and a sequence of gradients {Vu;} C L>(Q;R"), such that

I a5 = 90 Vus() liqammy — 0
Since W is continuous and satisfies i7) we have

lim W(a;(z), Vvj(x)) dv = lim W(¢(z, Vu;(z)), Vu;(z)) de,
j—oo Jqo j—oo Jq

for any bounded sequence {v;} C WP(2). Obviously, the sequence {¢(-, Vu;(-))}
also satisfies the CGP, and

I' - lim W(a;(x), Vu(x)) dv = T' — lim W(¢(z, Vu;(x)), Vu(z)) dz,

for every u € WhP(Q). O

5.6. Examples

Applying Theorem 5.1.2 to some examples of sequences {a;} satisfying the CGP,
we obtain interesting explicit formulae of the limit energy density.

5.6.1. Laminates

i) Let us consider the function a:Q x R”™ — R™ defined by

a(z,y) = A1 X)) <<y : ﬁ>) + A (1 — X(0,t(z)) (<y : ﬁ>)> ;

where Aj, Ay € R™, the volume fraction ¢ : Q — (0, 1), and the unit normal vector
n € R". For ae. x € Q, a(z,-) is a periodic function at the direction of the vector
ﬁ, ie

a(z,y) = alz,y+kn), VyeR" VkeZ.

We define the sequence of functions a; : Q2 — R™ by putting

aj(x) = a(z,jr) = A1 X(0x)) <<Jw ' ﬁ>) + Az (1 ~ X(0,4(=)) (<Nf ' ﬁ>)) 7
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Figure 5.4: First order laminate.

which generates the non-homogenous Young measure o = {0, },cq given by

oy = t(x) da, + (1 —t(x)) d4,, for a.e. z € Q.

In this case, to prove that {a;} satisfies the CGP, it is enough to consider a
function ¢ : R™ — R"™ such that

p(A1) = p(A2) | m,

ie the difference (A1) — p(As) is proportional to the normal vector n. Thus the
sequence {p(a;(-))} is “essentially a gradient sequence”.
The set A,, of admissible functions ¢ for which the push-forward measure

proe = H(x)0p, + (1 —1(x)) dp,,

with
Bl = gD(Al) and B2 = SO(AQ)’

is a first order laminate, may be defined by
A, = {Bl,BQER” . Bi— By | ﬁ}.

Therefore we may compute explicitly the density of the I'-limit of the sequence
of functionals of the form

Ij(u) =
= /Q [W1(VU($))X(0¢(¢)) (<Jw : ﬁ>) + Wa(Vu(z)) <1 = X(0,t(x)) (<J$ : ﬁ>))} dz,

where

Wi(p) = W(A1,p) and Wa(p) = W(Az,p)

for every p € R™. Namely, the sequence {I;} is I'-convergent to the functional

I(u) = /QW(:U,Vu(m)) dx,
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where W : 2 x R® — R is defined by

W) = mip { [ oWOp0) don) = o= [ o) dna) | =

- Bl%iréw{ t(x)CW1(B1) + (1 — t(x))CWa(B2) : (Bi— Bs) | n,
p=1t(x)B1+ (1 —t(x))Bs }.

Here CW;(-) is the convex envelope of W;(+) in R™, for i =1, 2.

Remark 5.6.1 The sequence of functions a;: B — R™ defined by

aj(r) = A1 X(#(a) ({l72)) + A2 (1 = X0 ({[52]))) =

- Z A5y s () A2 (1= s ().
P

J

where t : B — (0,1) and B; is the ball centred at the origin with radius i, generates
the same non-homogenous Young measure

oy = t(x) 04, + (1 —t(x)) da,, for a.e. x € B.

Indeed

lim [ f(a;(@)e(x) do =
j—00 B
F(ADE() di + /B F(Ag)é(z) dr =

= lim E
]—>OO B
7 [ ke

- /B [H(@) f(A1) + (1~ 1(2)) [ (A2)] €(a) da,

k=1 t(z) \Bg_1

for every f € Co(R™) and & € LY(B). However, it does not satisfy the CGP,

because the jumps of any composition ¢(a;j(-)) across the interfaces OBy_, o)

5ot

cannot effectively determine the normal vector to such interfaces, as premously
commented in Remark 5.4.1.

ii) We may also consider a sequence of functions a; : Q — R oscillating between
three values, for instance

aj(r) = A1 X (<‘7wﬁ>) "

= (1=xo0 ((-71))) (42 3000 (G- ) + 45 (1300 (G2-71)))
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where Ay, Ay, A3 € R™, n, m € R" and s,t € (0,1). The sequence {a;} generates
the homogenous Young measure o given by

o = téa, +(1—1) (564, + (1 —5)d4,).

Figure 5.5: Second order laminate.

Moreover, it satisfies the CGP condition, because, for any field ¢ : R”™ — R"
such that

= p(A1) # p(42) # ¢(A3),
" o(A2) = p(A3) || m, P(A1) = (s p(A2) + (1 = 5) p(A3)) || m,

[43

the composition sequence {¢(a;(-))} is
the admissible set .4, may be defined by

essentially a sequence of gradients”. Thus

Ay = {Bl,Bg,BgeR” . By — (sBa+(1—s)Bs) || n, Bs— Bs ||771}.

In this way, we conclude that the limit energy density, of the sequence
— [ Wes(a), Vu(a) da,
Q
is the homogenous function W : R® — R defined by

W(p) = ngﬂgn{ tWi(B1) + (1 —t) (s Wa(Ba) + (1 — 5) Ws(Bs)) : (By— Bs) || m,

p=tBy+(1—t)(sBy+(1—5)Bs), (B1—(sBa+(1—5)B3)) || n }

5.6.2. Non-periodic sequences

i) More generally, we may consider a sequence of functions a; : @ — R™ of the form

Z Al Xoj (@ (5.10)
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where {Q] '} is a family of pairwise disjoint sets covering €, so that ) 3 E R™ is the
unit normal vector to wa and there is a field ¢ : R™ — R" in such a way that, for

()},

satisfy the (H;) condition. See Section 4.5 for more details. The Young measure

every j € N, the pairs

associated with {a;} is
o Z |Q
] €

Then, clearly, the composition sequence ¢(a;(-)), given by

= D oA xgs (@),

k=1

is “essentially a sequence of gradients”. In this situation, the admissible set A, is
given by

A = {Bi eR": { ( ]Q|| B]> } satisfies (H;) condition, with normals {ﬁi}k} .
k

The limit energy density, of the family of functionals

where

is given by

W(p) = lim inf {Z ﬁW,z(Bi) p = Z ﬁBi?

j—0o0 BlcRn

G :
IR , By, satlsﬁes( Hj) condition, with normals {nk}k :

ii) Another typical situation is concerned with Vitali coverings of a certain domain
Q by small copies of another domain D. Namely, assume that, for each j € N,
{a: + rk D}k is a Vitali covering of 2 by pairwise disjoint sets xé 9 + r; )D where
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{:E](Cj)} C 2 and r](gj) < % For any function v € Wol’p(D), let us define the sequence
of functions v; : @ — R by putting

, E)) , ,
Uj(l‘) = 7“](.]) v LU (w)‘k if ze€ $](€j) + ’I”](CJ)D.
)
Then consider the sequence of functions a; : 2 — R™ defined by
) , ,
aj(r) = Vv (az (gk ) it ze ac,(c]) —i—r,(g])D,
Tk

such that it generates the homogenous Young measure v, given by

(Fone) = 7 [ oVl an Ve Com)

This corresponds to the homogenization procedure for gradient Young measures,
as referred to in Section 4.2. It follows by construction that the sequence {a;} is
“essentially a sequence of gradients”.

Therefore, the sequence of functionals defined by

() = 2= Gu
Li(u) = / ‘ WV | —=|,Vu(x) | dz
J ~ S04 0p 0)

k

is I'-convergent to the functional

I(u) = /Q W(Vu(z)) de,

{&ﬂl;ﬁﬂvwmm+vam>@:‘éh@vawdy=0}:

for every p € R™. Notice that, the admissible set A is defined by

in
zeWLp(D)

A = {¢:R" = R" continuous : curlp(Vo(:)) =0 },

and, after changing the variables ¢(Vv) = p + Vz, we reach the previous
representation.
In the particular case when the function v is defined in the unit ball B by
_ o1
U(y) - 9 27

so that Vu(y) =y, it follows

W) =t g .V dy © dy = 0 .
(°) zemlfrllyp(B){ ]B\/B (y, 0+ Vz(y)) dy \B[/sz(y) Y }



Chapter 6

['-convergence of quadratic
functionals with oscillating
linear perturbations

6.1. Introduction

In this chapter, we are interested in studying, from a variational point of view,
the homogenization of second-order elliptic equations of the form

A P

where the leading coefficient A, and the source term divb. are rapidly oscillating
as € goes to 0. More precisely, we are looking for an explicit characterization of
the homogenized leading coefficient and source term, in the unusual situation where
the source term also oscillates, depending on €. Notice that, the homogenization of
problem (P.) with constant source term, ie div b, = f, has been widely studied in the
last decades. Moreover, problem (FP:) has been already studied in the case of non-
constant source term, where the leading coefficient is of the form A.(z) = A (£). See
Chapter 3 for more details. Indeed, it is known that, if A.(z) = A (f), for some Q-
periodic matrix function A = [a;;] € [L®°(Y)]"*™ satisfying a|p|*> < A(y)p-p < Blp|?,
for a.e. y € @ and every p € R, and the sequence {div b.} converges weakly in
H~1(€), then there exists a subsequence of solutions u. of (P.) weakly converging
in H}(2) to the solution ug of the homogenized problem

P.) —div Ao Vup(z) = divg*(z) in Q
* uy € Hol (Q)¢

where Ay is the effective matrix and ¢g* € [L?(€2)]". The function g* is determined
in a rather elaborate way. Our aim is to give a more explicit characterization,

89
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and a better understanding, of the leading coefficient and the source term in
the homogenized equation, by means of the Young measures associated with the
sequences {A.} and {b.}, considering periodic and non-periodic sequences.

Namely, we study the I'-convergence of quadratic functionals, with oscillatory
linear perturbations, of the type

I.(u) = /Q[Vu(a:)T Agz(a:) Vu(z) + be(z)- Vu(x) | dz, (6.1)

in order to understand the interaction between the oscillations of A, and b, and how
it affects homogenization. In order to obtain the I'-convergence of such energies, we
apply the results obtained in the previous chapter, and those in [52]. Any time we
can compute explicitly the I'-limit, we will have precise information on the term g*.
A main tool in this endeavour will be the joint Young measure associated with pairs
{(Ag,bs)}, which is not necessarily the product of Young measures associated with
each sequence separately.

We treat separately the case where n = 1 and the one where n > 1, because the
first one is simpler to handle, and a more explicit characterization of the function

*

g~ is obtained in the general non-periodic setting. When n = 1, in Section 6.2 we
consider the sequence of energies I. defined in H{ () by

L(u) = /ﬂ[“f?(t)u'(tf b () | dt,

where {a.} and {b.} are weak* convergent sequences in L>°(f2), and the first one
is uniformly bounded away from zero. We conclude, by Theorem 6.2.1 below, that
such sequence of energies is I'-convergent to the functional I defined by

I(u) = /Q Bt (1)) dt,

where the limit energy density v is a quadratic function in the second variable, given
explicitly by
ag(t)k(t)? ?

~ap(t) o
Y(t,p) = 5 P +ao(t)k(t)p+f* Rzﬁdm(a,ﬂ),

for every (t,p) € Q@ x R". Here the functions a : @ — (0,00) and k : Q@ — R are
defined by putting

1 -1
aolt) = < / 1 dat(a)> and  k(t) — / B (. B),
R & RrR2 &
where n = {n:}tcq is the joint Young measure associated with the sequence of

pairs {(ag,bs)}, and 0 = {o;}1eq is the one associated with {a.}. The interaction
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between the two sequences {a.} and {b:} enters into this density 1 through their
joint Young measure. Then we deduce, from Corollary 6.2.3, that the homogenized
problem associated with it is

— & U = §g® o
(P*) { d 0 OUQ c i[&(

where the function g* is the linear coefficient of the density i given by
g (t) = ao(t) k(t) in Q.

In the periodic setting, if a.(t) = a (<§>) and b. =0 (t, <é>) oscillate at the same
length scale e, we conclude that

_ [ ‘i Lb(t,y)
ap = /0 a(y) dy and g*(t) = ao /0 o(y) dy,

see Proposition 6.2.1. However, when the leading and source terms oscillate at
distinct length scales, the homogenized source term is indeed the weak* limit of

{b.}. Namely if a.(t) =a((t)) and b. =b(t,(%)), then

€

g (t) = /0 b(t,y) dy in Q.

The joint Young measure 7 plays an important role in the characterization of
g* and in the understanding of how the oscillatory behaviour affect it. If  is the
product of the Young measures associated with {a.} and {b.}, then the function
g* is completely defined through the Young measure associated with {b.}, in such
a way that the sequence {a.} does not interfere at all in such a coefficient. In this
situation g* is the weak* limit of the sequence {b.}. When the joint Young measure
is not the product of the measures associated with each sequence, the function g*
is not the weak* limit of {b.}. This homogenized coefficient also depends on the
Young measure associated with the sequence {a.}.

When n > 1, we treat separately the periodic multi-scale situation and the non-
periodic one. More precisely, in Section 6.3 the I'-convergence, of the sequence of
energies I. defined by (6.1), is treated in the case where the sequences {A.} and

{b-} are defined by
aw=a(x(5) - (7m))

and
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for some matrix function A € [L®(2x@Qx...xQ)]" ™ and b € [L®(2xQX...xQ)]™.
Here {li(¢),...,In(e)} is a family of separated length scales. Notice that we are
assuming that both sequences oscillate at the same length scales. For the sake
of simplicity, let us present an example illustrating our result. If we consider the

sequences A (x) = A (m, <%>> and b.(x) = b (:1:, <%>), oscillating at the same

length scale [(¢), we conclude that the sequence of solutions of
— divA(x,<%>) Vue(x) = div b(az,<%>) in
U, € H&(Q),
is weak convergent to the solution of the homogenized problem

—div Ap(z) Vug(z) = divg*(z) in Q
up € Hy(Q),

where the matrix function Ag : © — R is defined by
Ao(w) = /Q (L + [Vyws(z, )])" A(w,y) (Lo + [V yw;(z,9)]) dy,
and ¢* : Q@ — R™ by
g(z) = /Q (I + [Vyw; (@, »)) [ A, 5)Vy2(,9) + bla,y) ] dy.

Here I, is the n x n-identity matrix, [V,w;(x,y)] is the n x n-matrix whose columns
are the vectors Vyw;(z,y), and the function w;j(x,-) is the solution of the cell
problem
{ — divy A(z,y) (e; + Vyw,(z,y)) = 0 in Q
wj(x7 ) = H]}er(Q%

for every 1 < j <mn, and z(z,-) is the solution of

{ — divy A(z,y) Vyz(z,y) = divb(z,y) in Q
Z(ﬁ,-) € H}%er(@)'

Clearly the homogenized coefficient g* depends on the sequence { A.}, provided both
sequences {A:} and {b.} oscillate at the same length scale.

In Section 6.4, we also treat the case where the sequences { A} and {b.} oscillate
at distinct separated length scales, ie

a@ = a(n (750 ()
o = o))

and
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where {l1(¢),...,In+m(e)} is a family of N + M separated length scales. For
instance, when the sequences {A.} and {b.} oscillate at distinct separated length
scales {l1(¢),l2(g)}, so that

A(z) = A(x<l1(x€)>) and  b.(z) = b<x<l2(””€)>>

we conclude that the homogenized source term ¢* is indeed the weak* limit of the
sequence {b.}, ie

g'(z) = /Qb(:v,y) dy,

so that it does not depend on the oscillatory behaviour of {A.}. See Corollary 6.4.4.

Finally, in the general non-periodic setting, we focus on the homogenization
of problem (P.) when the sequence of pairs {(Ac, b:)} is assumed to satisfy the
Composition Gradient Property (CGP). This structural assumption was introduced
in the previous chapter, so that I'-limits can be computed explicitly through the
Young measure associated with relevant sequences. As such, it is a sufficient
condition which allows to furnish an explicit form of the density of the I'-limit. We
apply these ideas to general quadratic functionals. See Section 6.5. An interesting
example, which may be considered also in the periodic setting, is the following
Dirichlet problem for a laminate composite material

— div as(z)Vus(zr) = divb(x) in Q
Us € H&(Q),
where the sequence of pairs (ac,b:) : @ — (1,400) x R™ is given by
— r —

(a-(@),bo(@)) = (a1, b)X (04 (2-7) + (a2,82) (1= X000 (2 7)) -

Here, for a.e. € Q, X(0,4(2))(8) is the characteristic function of the interval (0,#(z))
over (0,1), extended by periodicity to R. In this situation, whenever we assume that
there exists a continuous and one-to-one map ¢ : (1, +00) x R — R™ such that its
composition ¢(ac(-), b:(-)) satisfies the continuity condition on the interface, ie

¢(a1ab1)_¢(a27b2) H 7{7

so that the CGP holds, we may define explicitly the effective coefficients. Indeed,
we conclude that the associated homogenized equation is

— div ag(z) Vug(z) = divg*(x) in Q
uy € H& (Q)
Here the effective coefficient ag : 2 — R is defined by

a1 as
1 —t(x))a; +t(z)as

ap(x) = (
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and ¢*:Q — R"™ by

t(x) az (1—t(z))ay

(1—t(x)) a1 +t(z) az b+ bo.

g (z) = (1—t(z))ar +t(z)az

6.2. The general one-dimensional case

In this section we are interested on the homogenization of ordinary equations of
type
{ —da@u) = L) 9
ue € Hp(9),
where {a.} C L*™(Q) satisfies a-(t) > ¢ > 0 a.e. in Q, {b.} C L>(Q), and Q is
a bounded open subset of R. The homogenized equation may be defined whenever
the explicit characterization of the density of the I'-limit of functionals

L(u) = /Q [ “2“) W ()2 + bo(t)d(t) | dt (6.2)

is known.

Theorem 6.2.1 Let {a.} and {b:} be weak* convergent sequences in L>(§) such
that as(t) > ¢ > 0 a.e. in Q, and n = {n}heq is the Young measure generated
by the sequence of pairs {(as,b:.)}. Then the sequence of functionals in (6.2) is
[-convergent, in the weak topology of H}(), to the functional I defined in HZ ()
by

1) = [ w) a
Q
where ¥ : 0 Xx R — R is given by

ao(t) 2
9 p

+ ao(k(t) p + [‘W [z dm(o«ﬂ)]? (6.3)

2 R2 2

</Rui dﬁt(a,ﬁ)>_1 = (/R; dat(a)>_1 and k(t) = /RQS dni(a, B),

for a.e. t € Q. Here 0 = {ot}icq is the Young measure associated with {a.}.

Y(t,p) =

with

a (t)

Proof. Consider the sequence of pairs {(ae, b:)}, with associated Young measure
n = {nt}icq supported on R?, which satisfies the CGP condition, see Definition
5.1.1. Indeed, for any map ¢ : Q x R? — R, continuous and injective in the second
variable, if we define F; : 2 — R by putting

E(l) = /0 (s, ac(s),be(s)) ds,
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it holds F/(t) = ¢(t,a:(t),b-(t)) in Q. Thus, it follows from Theorem 5.1.2,

I~ lim /Q [%2(” W ()2 + bg(t)u’(t)} dt = /Q G(t, (b)) dt,

for every u € H}(2), where ¢ : Q@ x R — R is defined by

(07

U(t,p) = min { L [Getem?+petan]ants : o= [ plap) dnio.s) } .

For fixed (t,p) €  x R, let us find the minimizer of the functional

Flo) = [ [§eta0? + 89(.8) | dnta.p)

under the constraint

b = /R (e, B) duila 9)

First, consider a new strict convex functional

Glo) = [ [ et n? + 89(.8) +Arpla8) ] dula.s),

where A is a parameter. Its minimizer ¢ has to satisfy the equation

%G(g@ + 8v)[s=0 = 0, for every v € C°(R?).
Notice that
« 2
Glo+s) = [ [ etnf+ @+ Nelan)]| dnfe.s) +

b [ oo 8P, + [ aglo,8)+ (54 )]o(o B dndes ),
R2 R2
so that

GCG Lo = [ [apla.)+ 3+ )] oleB)dnlo.6) = 0

The arbitrariness of v implies that

B+ A
o

(p(avlg) = =

Since ¢ should satisfy the previous constraint, we get the value of the parameter

A = —ao(t) (p+ k(t)),
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1 -1 1 -1
ap(t) = </1R? o dnt(a,ﬂ)> = </R - dat(a)> and k(t) = R2§ dne(a, ).

In this way, we conclude that the minimizer ¢ is given by

ap(t ap(t)k(t J6]
oo, B) = 7()p + LUULION
a a a
The proof is finished when we replace this expression in (¢, p). O

The density of the I'-limit of {I.} is a quadratic function, whose quadratic
and linear coefficients, ag(t) and ag(t)k(t), respectively, are defined through the
Young measure associated with {ac}, and the joint Young measure associated with
{(ae,b:s)}. Notice that ag is not the weak* limit of {a.}, and k is the weak* limit of
{b</ac}.

Whenever the joint Young measure 7 is a homogeneous measure (ie, does not
depend on t), the functions a and k defined in © will be constants, and the limit
energy density ¢ will be homogeneous, too. Since the joint Young measure is not
necessarily the product of the Young measures associated with each sequence, the
following Corollary remarks the special case when it holds true. Notice that this is
the situation when the oscillations of both terms a. and b, take place at different
scales, as it is commented at the end of this section.

Corollary 6.2.2 Under the hypothesis of previous theorem, if the joint Young
measure 1 = {N},cq i the product of the Young measures associated with {ac}
and {b.}, namely

n(e, B) = 0(6) ®a(a),
where 0 = {04},cq is associated with {a.} and 0 = {0;},.q with {b.}, then

vt = G ot gt (007 - [ Pans)).
with
) = ([Lan@) " ana oy = [ 500

for a.e. t € Q and every p € R.

Thus the linear coefficient b is the weak* limit of {b.} when the joint Young
measure associated with {(a.,b:)} is the product of Young measures. The proof
of the corollary is just to recompute the formulae in the previous theorem, when
m = (9,5 X ot a.e. in €.

From Theorem 6.2.1 it follows the result on the convergence of solutions u., of
the second order ordinary equations associated with functionals I..
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Corollary 6.2.3 Let {a.} and {b:.} be weak* convergent sequences in L>°(Q2) such
that a-(t) > ¢ > 0 a.e. in Q, and n = {n}eq is the Young measure generated by
the sequence of pairs {(az,bs)}. Let uz be the solution of

—d oo (Dt = 4
py { e =g

(t)  in Q

Q).

Then the sequence {u.} converges weakly to the solution uy in HE(Q)) of the
homogenized problem

—Loagt)up(t) = L g t) in Q
B { v Ouo € }l{&(

with
g*(t) = ao(t) k(t)

a.e. in ), where the functions a and k are defined in Theorem 6.2.1. If the joint
Young measure n is the product of Young measures, then

a.e. in Q, where b is the weak* limit of {bc}.

The leading coefficient ag and the source term g* are defined through the Young
measures o and 7, so that g* is not necessarily the weak* limit of the sequence {b.},
because it depends on the oscillatory behaviour of the sequence {a.} as well through
its associated Young measure. Whenever n is the product of each measure, g*
indeed the weak* limit of {b.}.

Let us see how the homogenized coefficients look like when the sequences {a.}
and {b.} are periodic and oscillate in several separated length scales. So, take a
family of separated length scales {li(¢),...,In(¢)}, ie a family of smooth functions
such that /;(¢) \, 0 as € \, 0, and

I
lim i+1(¢) = 0, forevery 1<¢< N —1.

eNO0 I (6)

Consider the sequences {a.} and {b.} defined in Q by

o oot} i)
(et

where a and b are in L>(Q x (0,1)"), and (y) stands for the fractional part of y.

and

be(t)
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Proposition 6.2.1 If u. is the solution of

{—za(t,<hf€>>m<m@>> w®) = o (t(tg) o (nfm)) im0

Us € H&(Q)a

then the sequence {u:} converges weakly to the solution of (Py), where
([ iy i)
= coi | ———— dy1...dyn
0 0 alt,y1,-.,yn)

gt =

- 1 B YR
:</ / dyl...dyN) // by UN) g g
0 0 a(t7y17"'ayN) 0 0 CL(t,yla---,Z/N)

for a.e. t €.

and

Proof. 1t follows from Theorem 6.2.1 that

wi) = ([ idoxa))l wd 1) = [ 2 dntap)

for a.e. t € Q, where 0 = {04}1cq is the Young measure associated with {a.}, and
n = {Nt}cq is the Young measure associated with the sequence of pairs {(ac,b:)}.

For every continuous function f : R — R for which {f(a(+))} is weak convergent
in L' (), it holds

oy [ ey = [ [ [ st ot
_ /Q /R F(a) doy() dt

(see Proposition 4.7.1), so that

1 1 1 —1
= —_——dy;...d
<A /0 a(t7y1>"'7yN) n yN)

for a.e. t € Q. Moreover, whenever {h(ac(+),b-(-))} is weak convergent in L!(Q), it
holds

i{{% h(as(t)abs(t)) dt =

// / a(t,yr,...,yn),b(t,y1,...,yn)) dyi ... dyn dt

=[] pep) dmio.s) ar
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so that we conclude
k(t) =

for a.e. t € Q.

/1 /1b<t7y17”'
0 o a(t,yi,...

UN) dyi ...dyn,

YN)

0

Notice that, for any family of separated length scales, the Young measure

associated with the sequence

{(()

(el

is the Lebesgue measure supported on (0,1)". Thus the previous result does not

depend on the length scales.

On the other hand, we may consider sequences {a.} and {b.} oscillating in

distinct length scales, namely

as(t) =

and

(- () (w@)

0= () ()

where

{li(e), - In(e), Inga(e)s -, Invm(e)}

is a family of N + M separated

length scales. In this situation the source term ¢* is indeed the weak* limit of {b.}.

Proposition 6.2.2 If u. is the solution of

{ ~da(t(n) (e )) )

_ % b (t, <m>y--'ﬂ<h\z+fw(€)>)

€ Hy(Q),

then the sequence {u.} converges weakly to the solution of (Py), where

aolt) = (Al.../olwdyl...dij>

and

1 -1

1 1
gr(t) = / / b(t, yn+1,s - YUN+M) AYN+1 - - - dYN4 M,
0 0

for a.e. t € Q.
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6.2.1. Examples

The full characterization of effective coefficients coming from the homogenization
of the Dirichlet problem

—La.(t)ul(t) = 4£b(t) inQ
Ue € H(%(Q)a

is obtained by means of the joint Young measure associated with such sequence of
pairs, according with Theorem 6.2.1. In this section we present simple examples, in
the non-periodic and periodic settings.

1. In particular, we may consider a sequence of second order derivatives, namely
as(t) = vl(t)
for any weak* convergent sequence of strictly convex functions v. € W2 (Q).

2. In the case of both sequences oscillate at the same length scale I(¢), ie

w0 -a((i5)) 0 (o)

we conclude that the leading coefficient

o= ()

is constant, and the source term g* : (0,1) — R is given by

o0 == (f )2

Clearly the source term depends on both sequences {a.} and {b.}, because the
oscillations take place at the same scale. When the sequence of pairs {(ac,bc)} is a
laminate given by

(ac (t),b= (t)) = (a1,b1) X(0,s(¢)) <<z_>> + (a2, b2) (1 — X(0,5(¢)) <<Z>>> ,

with s € (0, 1), the effective coefficient is

al as
s(t)ag + (1 —s(t))ay’

ap(t) =
and the source term is

g (t) = s(t)azbr + (1 = s(t)) aa b2'

s(t)az + (1 —s(t)) a1
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3. When the sequences oscillate in different length scales, namely

o () - 1(5)

the leading coefficient is the same as before

o= (f s m)

while now the source term is indeed the weak* limit of {b.}, ie

1
() = /0 b(t,y) dy.

Notice that the source term does not depend on whether the sequence {b.} oscillates
at a length scale slower (or faster) than the sequence {a.}. In the case of laminates

= i (1)) (10 ()
o= () o o ()

g (t) = s(t)by + (1 — s(t))bo.

and

we get

4. When the sequence {b.} oscillates at two separated length scales, while {a.}
oscilates only at the faster one, the source term reproduces the oscillatory behaviour
of {ac}, besides the one of {b.}. Namely, if

o =) w0 oo ))

N bt
q (t) — CLO/ / ( Y1 3/2) dyl dyg
o Jo a(y2)

Here the leading coeflicient is the same as in the previous example.

then

6.3. The periodic n-dimensional case: same scales

In the previous section we have concluded that, in one dimension, the
homogenized source term ¢g* depends on the relationship between the separated
length scales, where the oscillations, of the leading coefficient and the source terms,
take place.
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In this section the homogenization of multi-scale problems, in higher dimensions,
is described in order to characterize the homogenized source term g*, when there
is an interaction between the oscillatory behaviour of the sequences {A.} and {b.}.
Namely, we study the case when {A.} and {b.} oscillate at the same length scale
l(e). More general, the case of both sequences oscillating at the same family of
separated length scales {l1(g),...,In(€)} is also treated.

6.3.1. One scale

Consider the Dirichlet problem

(P.) { *diVA(.T,<%>) Vu(z) = divb(m,<%>) in 0
ue € Hg(9),

with A = [a;5] € [L®(Q x Q)]™*™ symmetric such that, there exist 0 < a < f,
alp|? < pTAp < Blp|?, for every p € R?, and b € [L°®(Q2 x Q)]". Here any length
scales [(¢) may be considered so that the oscillatory behaviour of both coefficients is
the same. The characterization of the effective coefficients may be deduced from the
explicit characterization of the density of the I'-limit of the sequence of associated
functionals

L(u) = /Q Vu(x)TWVu(x) + b<x,<x>>-Vu(x) da.

2 l(e)

Theorem 6.3.1 The sequence {I.} is I'-convergent, with respect to the weak
topology of H(Q), to
Iw) = [ ¥l Vu()) da.
Q
where 1 : Q@ X R™ — R is given by

vp) = ;"2 @)t el

The matriz function Ag : Q — R™™ is defined by
Ao(a) = /Q (L + [V, )T Alw,y) (L + [Vys@ ) dy. (64)
the field g* : Q@ — R™ by
(@) = /Q (I + (95w ))" [ Alw,9)Vy2(a,y) + bay) | dy,

and c: Q) — R by

@) = [ | uste)” 25V ) + o) Vistan) | do



6.3 The periodic n-dimensional case: same scales 103

where I, is the n x n-identity matriz. The function w;i(z,-) is the solution of

{ — divy A(z,y) (e + Vyw;(z,y)) = 0 in Q,
’LU]'(.’L‘,') € Hp}er(Q%

for every 1 < j <mn, for some basis {e1,...,en} of R", and z(x,-) is the solution of

{ — divy A(z,y) Vyz(z,y) = div b(z,y) m Q,
z<$7 ) € Hp}er(Q%

Notice that if we multiply the previous matrix function Ag by any vector p € R™,
then we recover the well known expression for the vector Ag(z)p given by (3.1) in
Chapter 3.

Therefore the next corollary is an immediate consequence of the explicit
characterization of the density of the I'-limit of the sequence of functionals I..

Corollary 6.3.2 If u. is the solution of (P:), then the sequence {uc} is weak
convergent to the solution ug of the homogenized problem

— div Ap(x) Vug(z) = div g*(x) in Q,
uyg € H&(Q)

It follows that the homogenized source term ¢g* depends on the behaviour of the
leading coefficient A. besides the source term b., whenever both sequences oscillate
at the same length scales.

Proof. (of Theorem 6.3.1) It follows from Theorem 4.7.2 that the sequence of
functionals I. is I'-convergent to

1) = [ (e, Vula) dz,
Q
where ¢ : 2 x R — R is given by

¢(£C,p) =

~ing /Q [(p 900" 20D (5 T(e0) 4 ba0) - (o Tyu(ew)] o

with
v o= 120 HL,(Q)).
The minimizer v° € ¥ is the solution of
—divy A(z,y) (p+ Vyvf(z,y)) = divy b(z,y) in Q
Up@:’ ) € H}%er(Q%
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which may be written as

3

v (x,y) = w;i(x,y)p; + 2(z,y),
j=1

according with Lemma 6.3.5, where w;(z, -) is the solution of

{ — divy A(z,y) (ej + Vyw;(z,y)) = 0 in Q
w] (x7 .) E H;eT(Q)?
for every 1 < j < n, and some basis {ei,...,e,} of R”, and z(z,-) is the solution of

{ — divy A(z,y) Vyz(z,y) = divy b(z,y) in Q
Z(.T, ) € Hz%er(Q)'

If we replace the expression of V,v(z,y) in ¢(z,p), we obtain that

v(z,p) = /Q [<<In+Wywﬂ:c,y)bpwyz(x,y) )" A“;y)

((In + [Vywj(@,9)]) p+ Vyz(2,9) ) + b(x,y) - ((In + [Vyw;(z,9)]) p + Vy2(2,9)) ] dy,

where I, is the n X n-identity matrix and [V, w;(z,y)] is the n X n-matrix whose
columns are the vectors Vyw;(z,y), with 1 < j < n. Then the claim is achieved,
after some simplifications. O

6.3.2. Multi-scales

In this section we will generalize the previous results to a family of N separated
length scales. So, consider the multi-scale problem

(PY) { —divA (2. () o () Veel@) = div b (2. (585) o (555)

Ue € H(% (Q)7

with A = [a;;] € [L*°(Q x QN)]™*™ symmetric, satisfying a|p|? < pT Ap < B|p|?, for
some 0 < a < 3, for every p € R?, and b € [L®(Q x QM)]". Let {l1(¢),...,In(e)}
be any family of separated length scales.

Theorem 6.3.3 Let {A.} and {b.} be the previous sequences. Then the sequence
of functionals

I.(u) = /Q [Vu(x)T 5 Vu(z) + be(z) - Vu(z) | dx

is I'-convergent to

1) = [ (e Va() do.
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where ¥ : Q@ X R" — R is given by

Ao(z)

w(xvp) = pT 9

p+ g ) p + c(z)

T
Ap(x) = /N <H (In+ [VyN_kwév_k(x,yl,...,yNk)])) Az, y1,---,YN)
(Nl_—Il (In + [VyN_kw;.V—k(x, Yly oo yNk)}>> dyi ...dyn,

T
g (z) :/N (H <In+ [VyNkijk(m,yl,...,yN_k)D> A(z,y1,.--,YN)

N-1 k
( H(In+ |:VyN_(Z 1) ]N (= 1)(m7y1>"'7yN—(i—1)):|>vyN,kzN—k(xaylv"'ayN—k’)

B
Il
—
~
—

+ Vynon(z,y1,-- - yn) ) dy1...dyny +

N-1
+/ b(xvylv'“vyN)< (In+ {vyNkwévk(xvyla--wyN—k)})> dyy ... dyn,
@ k=0
and
N-1 N '
c(z) = / (ZH(I +[ " <H)DVyN,,€zN_k+
k=1 =1

T A(xaylu"'ayN)

+ VyNZN) B

+ /QN b(z,y1, ..., YN) (ZVZ_IIE[ <In + [Vwa(ifl)wjvf(ifl)b

VnykzN,k + VyNZN) dyy...dyn.

For 0 <k < N —1, the function wjv k(x,yl, e YN—k—1,°) 18 the solution of

N—k

{ — divyy_, Ay_k (T, y15- - UN—k) (ej—i—VyN X JN k) = 0 n Q
w] (-7;7 Y1y -y YN—k—1, ) S H;ET(QL

forevery 1 < j<n, and zn—k(x,y1,...,YN—k—1,) is the solution of
{ - diVyN—k A)]k\/fk (x7y1?"'7yN—k’) vyw,kZN—k = div g?\[,k (xaylv"' 71/N—k:)
EIN-k(T, Y15 YUN—k-1,7) € H;er(Q),
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with AN (z,y1,...,yn) = Az, %1, ..,ynN) when k=0, and

k—1 T
A;V—k(wv Yty - 7yN*k) = /k (H (In + [vyNiwjv—l]>> A(%?ﬂa s 7yN)
@ \i=0
k—1 '
(H (In + [VyNiwj'V_ZD> dYn—k+1---dyn,
=0
for 1 < k < N — 1, where I, 1is the n X n-identity matric,
VyN_iijfi(:B,yl, ... ,yN,i)} is the n X n-matriz whose columns are the wvectors

vyN—iwj'v_i(x7y17-"7yN—i)7 1< ] < n, and g}(V(‘rvylv" . 7yN) = b(wmyl?'-'?yN)
when k =0, and otherwise

k—1

T
IN—k(T Y1, UN—E) = /Qk (H (In + |:vyN—iw§V_i:|>> Az, y1,---,YN)

=0

k—1 h
(Z H <I" + [Vwa(H)w;Vi(%l)]) VownZN-h + vyNZN> YNkt dyn
h=1i=1

k—1

+ /Qk b(z,y1,...,yN) (H (In + [VyN_iw;-ViD) dyn—_k+1 - - - dyn.

i=0
In this way we get the characterization of the effective coefficients associated

with the multi-scale problem (PXN).

Corollary 6.3.4 If u. is the solution of (PN), then the sequence {u.} converges
weakly to the solution of

— div Ag(z) Vug(z) = div g*(x) in Q
upg € H&(Q)a

with Ag and g* defined in the previous theorem.

It follows that the homogenized source term ¢* depends on the behaviour of
the leading coefficient A., whenever both sequences oscillate at the same family of
separated length scales.

Proof. (of Theorem 6.3.3) Applying Theorem 4.7.2, the sequence of functionals
1. is I'-convergent to

1) = [ v Vala) da,
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where 1 : Q2 x R" — R is given by

Y ' Az, y1, ..., yn) Y
Y(z,p) = v:g\gz /N (P"‘ Zvyﬂfﬁ) 5 <p+ ZVM%)
1<i<N i=1 i=1
+ b(x,y1,. .., YN) - <p+zvyzvl>

dyy ... dyn,

with

U, = LQxQ™h per(Q)], for every 1 <i < N.

Fix v; € ¥;, for every 1 < i < N — 1. Then the minimizer vﬁ, € Wy is the solution
of

{ —divA <P+Z¢]\:11 Vi, y1, -5 Yi) -I—Vva']'(](x y1,'ayN)> =divb (2, y1,", yn)
Uﬁf(mvyla'-'vyN—lf) S ngr(Q)

which may be written as
’Up (x yl,...,yN) =

d
Zw $?/17-~,?/N (p]+z ‘,rylw";yi)) + ZN(xuy].)"'uyN)a
j=1 ‘

where wN(:v Y1,---,YN—1,") is the solution of

{ —divy, A(z,y1,...,yN) (e]+VyN w; (x,yl,...,yN)) =0 in Q
w

j‘v(xvyla“'vyN—la') S H]%er(Q)

for every 1 < j < d, and some basis {ej,...,e,} of R", and zy(z,y1,...,YyN—-1,")

solves

{ _diVyN A($7y17---7yN)vyNZN($7y1;---7yN) = diVyN b(.ﬁU ylv"'vyN) an
ZN(%?JI;---ayN—la') S H]%ST(Q)
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If we replace the expression of V,, vk, in #(z,p), we obtain that

U(z,p) =
N-1
— ’Ullél\fl;l /N [( (In + [Vyszév(%yl, ce ,yN)]) (p + Zl Vyivi(m,yl, R 7y2)>
1<i<N-—1 i=

T A(xaylv""yN)
2

N-1
((In + [VyNwé-V(m,yl, . ,yN)]) <p+ Z Vi, yi, ... ,yi)>

=1
+ vyNZN(':Uaylv" . 7Z/N) )

N-1
+ b(xaylw : ayN) ' ((In + [vyij’V(x7y1>"'7yN)]) <10+ Z Vyivi(xaylw . ayl)>

=1

+ Vynan(@,y1,...,yn) ) | dyr ... dyn,

+ VyNZN(‘T7y17"‘7yN) )

where I, is the n x n—identity matrix and [VyNwév(x,yl,...,yN)} is the n x
n—matrix whose columns are the vectors Vyij-V(a;, Yiy-- -, yYn), with 1 < j < n.

Now, fixed v; € ¥;, for every 1 < i < N — 2, the minimizer Ujpv_l € Uy_q is the
solution of

{ —divAy_y (p+ T Vit (91, 30) + Vo 0y (@1, yv1) ) = divgy
,U]p\ffl(:l% Y1y YN—-2, ) S leer(Q)a
with AY_; = AN_; (z,y1,...,yn—1) given by

Ser = [ Gt [V, At (B G, )],
and g% _, = gh_1 (€, y1,...,yn—1) is defined by

* T
IgN-1 = /;2 (Id+ [vyNw;'V(wvyla‘ e 7yN)]) ( A(xaylw . -;yN)vyNzN(CU7Z/17-~- 7yN)

+ b(x)ylv"')yN) ) dyN

We may write vﬁ,_l € Upn_q as

vy (@ s yn—1) =

n N-2
_ 0v;
= E w;;v 1(mayla"'anyl) pj+ E 7;-($,3/17~~,3/i) +ZN71(x7yla"'7yN71)7
j=1 =1 Oy

where wj.v_l(w, Yl,...,YN—2,) is the solution of

N-1

{ _diVyN_1 A;V—l (l‘,yl,...,nyl) (ej+vyN_1fw§V*1(x’y1,...,yN,1)> = 0
wj (x7y1>"'7yN—2>') € H]%er(Q)a
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for every 1 < j <n,and zy_1(z,y1,...,YnN—2,) solves
{ —divyy_, Ay_1 (@, y1,-- - yN-1) Vyy_12v—1 = divyy, gy (2,91, -, YN-1)
ZN—I(waylv - YN-2, ) € Hg%e'r(Q)
Thus we get
W(z,p) = inf / (1 + [Funw]]) (20 + [Ton 0l ])
U@E\I/i QN
1<i<N-—2

\_/
_|._
<
<
=
N
=2
~
~

N-2
<p+ Z vyivi> + Vyy 1281

i=1

Az, Y1, YN) <(In+ Vyew]) ((I N [VyN,leN_l}

2 )
<p+ > vyzv,> + Vi 12 ) + Vyn 2N ))

+b(x,y1,...,yN)-<(In V] ]((In+[vmle

N—2
(p—i— Z Vylvz> +VyN 1% ) +VyNZN> dyl...dyN.
=1
After some iterations, we conclude that
N-1
W(a.p) = /N [(H (10 + [V ) ]) o+
k=0
N-1 k N (i)
—(i—1
+ H (In + [vyz\u(iﬂ)w]‘ }) Vyn i ZN-k +
k=1 i=1
N-1
A TyY1y--- YN
V)’ A . ) IT (50 + [Vuw ) ™)) o+
k=0
N-1 k N
—(i—1
+ H( [ yn—(i-1) Wy D Vyn_x2N-k +
k=1 =1
N-1
+ vZ,/NZN) + b(ﬂf,yl, ce 7yN) : <H (In + [vnykwévik]) p+
k=0
N-1 k .
+ H (In + |:vyN—(i—1)wj —(2_1)}) VnykzN_k + VyNZN> ] dyy...dyn.
k=1 i=1
More explicitly,
7 Ao(7)

b(@,p) = p ——p + g (z)-p + c()
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T
Ap(z) = /N (H (In—i— [VyN_kwév_k(a:,yl,...,yNk)D) A(z,y1,...,YN)
(Nl_—f (I + [V @y ,yNk)]>> dyr ...dyy,

TA(‘Tvylv"'?yN) gy
-f—VyNZN) H (In—i-[ YN—k J dyy ...dyn +
k=0

2
N Pty n YN-— kw] 2
N-1 k )
< H (In + [vyN_(i_l)w;'V_(z—l)}> VnykzN,k + VyNZN> dyy...dyn +
k=1 i=1 o
+ /QN b(.%‘, Y1y ooy yN) (lg) (In + [VyNkw;-V_kD> dy1 PN dyN.
and
N-1 k Nl T A
c(r) = /QN <k21 }:[1 (In + [vny(i—l)wj - q) Vyn_w2N—k + vyNZN> 9
N-1 k ]
( H (In + [vyN—(i—l)wjv_(l_l)}) vnykZN_k + vyNZN> dyl . 'dyN +
+ / b <k21 1;[1 (1 + [Foni ™) Vi oo+ vyNzN> dyi ... dyn.
Then the claim is achieved. [l

The following lemma is an auxiliary result used in the previous proof.

Lemma 6.3.5 For a.c. (z,y1,...,yn—1) € Q x QV"! and any p € R, if
R (2, Y1, .., yn—1,") is the solution of the cell problem

{ —divyyA(z,y1,...,UN) (p—i— Zjvzl Vy,vi(x, 915 ,yj)> =divy, b(x,y1,...,YN)
UN(xaylw--ayN—l?') = H;GT(Q)
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then
U]’i,(az,yl,...jy]v) =
n N-1 v
:Z pz+zaiyz(x7ylv7y]) wi(x’yla'-"yN)+Z(xay17---ayN)7
i=1 j=1 7]

where w; € L™ [Q x QN-1. g1 (Q)] is the solution of

per

{ — divy,y A(z,y1,...,yn) (i + Vyywi(z,y1,...,yn)) = 0 in Q
wi(xvylv"'vnylv') € H;}e'r(Q)?

for every 1 <i<mn, and z € L™ [Q x QN1 H1 (Q)] is solution of

per

{ _divyN A(l"yl""’yN)vyNz(x7yla--'7yN) = diVyN b(fL‘,yl,...,yN) n Q
z(x, g1, yN-1,7) € H]}er(Q)'

Proof. Let v} (z,y1,...,yn—1,-) € H),.(Q) be the solution of

{ —diVyNA (l’,yl,...,y]\[) (p+ZVijj(xay17---;yj) +vyN6N(x7y17"'7yN)) =0
E]\f(gUayl)’ "anyl") € H;GT(Q)'

Writing p and V;v;, for every 1 < j < N — 1, using a basis {e1,...,e,} of R" as

N-1 n N-1
Pt D Vyvilm ) = Y ik Yo m ) | e
j=1 i=1 j=1 Yj
n __
B ot
vyNU?V(J;ayl?"'ayN) = Z ayiv(l‘aybayl\/') €,
i=1 N

and then replacing it in the equation, we get

n

N—-1
. ovj
—divA (z,y1,...,yN) E pi + E 7ay1(x,y17...,yj)
i=1 j=1 ~9J

o
+87£V(377917~-72UN) ei:O‘
YN
Since the divergence operator is linear, the following is 0

ey, o,
_diVyNA<x7y17"'7yN) pl+ Z 7‘1(1.7y177yj> €i+ fV
= oy; 0yl

(5U7Z/17-~- 7yN)ei

and .
. 1 ov"
_Z leyN A(xayla'-'ayN) <ez+ _ év(ﬂf,yl,...’y]\[)ei> :07
i=1 P 8yN
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N-1 g
pio=pit )y ot (@Y ) # 0.
-1 %Y
J
For every 1 <i <mn, let wi(z,y1,...,yn-1,") € Hy.,.(Q) be the solution of
{ _diVyN A(xaylw"ayN) (ei"i_vyNwi(xayh"'ayN)) =0 in Q
wi(x7y17--~7yN—17') € H]%er(Q)'
Then -
1 vy
— (T, Y1y e; = Vyowi(z,y1,...,
2 8%\[( (0 YN) € yn Wi (T, Y1 YN)
so that
n
vyzvﬁ?\/(xvylv"wy]v) = Z ﬁz vyNwi(x7y17"‘7yN) -
i=1
n N—-1 O
= Z pZ+Z z(x7y177y]) vyz\]wi(xaylv"'ayN)'
oyt
i=1 j=1 ~7J
Moreover, if z(z,y1,...,yn—1,-) € Hp.(Q) is solution of
{ —divyy A(z,91,-- - yN) Vyy2(z, 91, yn) = divyy b(z,91,...,y8) in Q
Z(xayla--'ayN—lf) € H}%er(Q%
we conclude that the solution vR (z,y1,...,yn—1,-) of the cell problem

{ —divy A (z,y1,...,yN) (p—i—Zj.V:l Vijj(x,yl,...,yj)> =divy, b(z,y1,...,yN)
UN($7y17"’7yN—17') S leer(Q)7

may be written as

U'X{(iﬁ,yla---,yN) =
n N-1
a’l)j
= pi + 9 i(xvyla"-vyj) wi(wvyla'-'vyN> + Z(x7y17"'7yN)a
: '
i=1 7=1 J
with
n N-1 O
vyNUﬁf(xvyla"'uyN):Z pl+zayZ(x7y17ay]) vyNwi(x7y17‘°'7yN)+
i=1 j=1 7]

vyNZ(xayla”'ayN)'

O
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6.3.3. Example

Consider the three-scale problem

(P3) { — div A2, (2)) Vu(e) = divo(z,(£).(2),(%)) in 0

Us € H&(Q),

with A and b defined previously, where the leading coefficient oscillates at the length
scale e, while the source term oscillate at three separated length scales, /¢, €, and
2. Let u. be the solution of problem (P3). Then it follows from Corollary 6.3.4 that
the sequence {u.} is weak convergent in H{ () to the solution ug of the homogenized
problem
— div Ap(z) Vup(z) = div g*(z) in O
{ up € Hy(9),

where the effective coefficients are determined following the iterating process
explained in Theorem 6.3.3. Namely, for a.e. x € €,

Ao(z) = /Q (I + [Vapw2(@,5)]) " Alw,92) (I + [Viyuw?(@,92)]) dys,

/ / / vyzw ]) Vylzl + Vyz'ZQ + V743’23)T
Az, y2) (In + [Vywi]) + b(@,y1,92,y3) (In + [Vyow?]) | dys dya dys.

Clearly the effective matrix function Ay is defined through the integration over the
unit cell corresponding to the oscillatory length scale €.

The functions z;(z,y1,...,¥:), with 1 <14 < 3, are computed starting from the
higher index ¢ to the lower one, as follows, while the auxiliary functions wjl-(x, Y1)
and w;’(x, Y1, Y2, y3) are not computed because the matrix function A(x,y2) does not
depend on the variables y; and y3. So, the function z3(x,y1,y2, ) is the solution of

{ — divy, A(z,y2) Vyy23(x,y1,92,y3) = divy, b(z,y1,92,93) in Q
23(x7y17y27 ) S H]%GT‘(Q)

Secondly, the vectors VwaJZ(x,yg), for 1 < j < n, which are the columns of the

n X n—matrix [Vyzw]z(:c, yg)}, are obtained as the solution of
{ — divy, A(z,y2) (ej + Vy, w3 (x,yg)) = 0 in Q
w?(a:, ) € H[%er(Q)
while the function z3(z,y1,-) is the solution of

Y

{ - diVyz A(xvyZ)vyzzQ(xaybyZ) = leyQ 9§($7y17y2) in Q
22(-7;73/17') € Hp}er )
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with
95(957?/17592) = /Qb(xayby%yf%) dys.

Finally, z;(x,-) is the solution of

{ — divy, Af(x)vylzl(xayl) = divy, gi(z,y1) in Q
21 (:U> ) € ngr(Q%

with
A50) = [ (1t [Fw o)) Al 2) (i [T 321])
and
91 (@, 1) = /Q/Q (In + [V w?(@,12)]) " Al2,92) (Vyo22 + Viyy23) dys dys +
+ /Q/Qb(%yhyz,yzs) (In + [Vyw? (2, 92)]) dya dys,

for a.e. (z,y1) € Q2 x Q.

6.4. The periodic n-dimensional case: distinct scales

Here we are interested in studying the asymptotic behaviour of quadratic
functionals, with oscillatory linear perturbations, in the case when the quadratic
and linear coefficients oscillate at different length scales. More precisely, we would
like to answer the question: does the homogenized linear coefficient ¢* really depend
on the sequence {A.}?

6.4.1. Two scales

Let us consider the two-scale problem

(Py) { = div A (2, (355)) Vuelo) = divo(z,(58))
u. € HE(Q),

where A = [a;;] € [L*°(2 x Q)]™*" is symmetric such that, there exist 0 < o < 3,
alp|? < pTAp < Blp|?, for every p € R, and b € [L>=(2 x Q)]". Suppose that I;(¢)
and l2(e) are two separated length scales. Since the characterization of the effective
coefficients may be deduced from the explicit characterization of the density of the
I'-limit of the sequence of associated functionals, we study the I'-convergence of such
functionals.
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Theorem 6.4.1 The sequence of functionals

L(u) = /Q Vu(x)Tqu(x) + b(:c,<x>>-Vu(x) da

2 lg (E)
1s I'-convergent, with respect to the weak topology of H&(Q), to the functional I whose
density is given by

vp) = 7 ey o+ dla)

where the matriz function Ay is given by (6.4), the linear coefficient by is the weak*
limit of {b-} given by

bo(z) = /Q b(z,92) dys,
and
d(z) =

Az,
— /Q/Q[Vyzv(ﬂ:,yhyz)T (2y1)Vy2U($7y1ay2>+b($,y2)vy20(x,y1,y2) dy, dys.

The function v(x,yi1,-) is the solution of the cell problem

{ - divy2 A($,y1)vy2’0($,y1,y2) = diva b(l‘,yQ) in Q
U(:Uaylv') € H]%er(Q)'

Thus, whenever the coefficients oscillate at distinct length scales, we conclude

that the homogenized linear coefficient by is the weak* limit of the sequence {b.}, so
that it does not depend on the sequence {A.} at all.

Corollary 6.4.2 If u. is the solution of (P:), then the sequence {u:} is weak
convergent to the solution of

{—div Ao(z) Vug(z) = div bo(z) in Q
uy € H&(Q)

Now, we present the proof of Theorem 6.4.1, which is obtained following closely
the proof of Theorem 6.3.1.

Proof. (of Theorem 6.4.1) We already known that the sequence of functionals
1. is I'-convergent to

1) = [ v Vala) da,
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where ¥ : 2 x R® — R is given by

: A,
U(x, p) = Ulgé /2 [(p + Vyv1 + vyQO)T (a:2y1) (p+ Vyv1 + Vy,v2)
iZ:1,21

+ b(I’,yg) : (p + vylvl + vaUQ)] dyldy%
with
U = LQAxQH,),(Q), for 1<i<2.

Computing explicitly the expression of i (z,p) as a quadratic function, we have
finished the proof. Namely, fix v; € ¥y, then the minimizer v§ € ¥y is the solution
of

{ = divy, A(z,51) (p+ Vy,01(2, 91) + Vi vh(,91,92)) = divy, b(2,52) in Q
Ug(xayla') € H]%er(Q)

which is equivalent to

{ - diVyQ A(xayl)vaUQ(xaybyQ) - divy2 b(%yZ) in Q
02(377y17‘) S Hp%er(Q)

Now let us minimize over ¥q, so that the minimizer v} is solution of

{ = A - Tyofle ) = 0 1 G
Uf(fI,', ) € H}%er(@)

which may be written as

d

(@) = Y wilx,y)p;

j=1
where w;(z, -) is the solution of

— divy, A(x,y1) (e + Vywi(z,11)) = 0 in @

’Ll)j(.%,') € H}%er(Q)

for every 1 < j < n, and some basis {ey,...,e,} of R". If we replace the expression
of Vy,v] in ¢(z,p), we obtain that

// { + [Vywy]) p+ Vo9 )" ‘4(5”2’3/1)
(o + [Tyt + Vi 2) b2, 9) - (T + [V s]) o+ Vigua)] dt d,

where [V, w;] is the n x n-matrix whose columns are the vectors V,, w;(x,y1), with
1<j<n =
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6.4.2. Multi-scales

When the sequences { A} and {b.} oscillate in distinct separated length scales,

namely
w00 = 4((i555) - (550)
be(z) = b<I<le(5)><le4(e)>>

where {l1(¢),...,In+a(e)} is a family of N 4+ M separated length scales, clearly the

and

source term in the homogenized equation is the weak* limit of the sequence {b.},
as follows from the theorem below, provided there is no interaction between the
oscillatory behaviours of {A.} and {b.}. Notice that the oscillations of {b.} take
place at faster length scales than {A.}. However this is irrelevant in the following
result. The separability of the family of length scales {li(¢),...,In+ar(g)}, and the
fact that {A.} and {b.} oscillate at different length scales, are sufficient to obtain
the result.

Theorem 6.4.3 Let {A.} and {b.} be the previous sequences. Then the sequence
of functionals {I.} is T'-convergent to the functional I whose density is given by

Ag(z
Y(z,p) = pT2()p + bo(x)-p + d(z)
with
bo(z) = /QM (2, YN+1, - - - UN+M) AYN+1 - - - YN,
and
u " A ) (&
d _ ' . s YLy e e ey ' .
(x) /QMM (; Vyn+iUN+ ) 9 <; Vyn4iUN+ >
M
+ b(.’E, YN+1y- - - JyNJrM) (Z vy]v+i/UN+i> d?/l ... dyN+M
i=1

For any 1 <1i < M, the function vny; is the solution of the problem

{ - diVyN+7; A(x7y17"'7yN)vyN+ivN+i = div bNJr’i (x)y17"')yN+i)
UN—i—i(J:ayl’---ayN-l-i—la') € Hz%er(Q)’
with

bn+i (T, 915 UN+i) = /M b(z,y1,- - yNeM) dYNtitt - dYNEM-
Q —1
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Corollary 6.4.4 If u. is the solution of

{—dmw@ (i) Vuelw) = v b (2, (it ) (e )

Us € H(% (Q)a
then the sequence {u.} is weak convergent to the solution of

{ — div Ag(z) Vug(z) = div bp(z) in Q
uyg € H&(Q)

Remark 6.4.1 The claim of the previous result is the same if we consider the

sequences
x T
A, = Alz,( ———),..., ( ————
) (95 <1N+1(€)> <lN+M(€)>>
and
x T
b =0 —— )y ——
) <%Q¢»”Qma»’
whenever {l1(g),...,In+r(g)} is a family of separated length scales.

Proof. (of Theorem 6.4.3) It follows from Theorem 4.7.2 that the sequence of
functionals I, is ['-convergent to
— [ ¥ Vu(o)) d.
Q

where 9 : 2 x R™ — R is given by

N+M $ Ly y )
_ inf \V. 1.+ YN
U(x, p) Jnf /Q . <p+ E ylvz> 5

1<i<N+M

N+M N+M
<P+ Z Vyﬂi) + (@, YN 115+ YN+M) - <P+ Z Vyﬂh)] dyr ... dyn+m,
i=1
with
U, = LPQxQh per(Q)], for every 1 <i< N+ M.

We will proceed to minimize the previous integral functional from the higher
index 4 to the lower one. So, let us fix v; € ¥;, for every 1 <i¢ < N+ M — 1, and
minimize in vy € Yy For each p € R™,) the minimizer vﬁ, Lo is the solution
of the problem

N+M-1
—_ d1VA(0+Z i Vylvi(l“,ylw--,yz’)+VyN+MU'X/+M(1’>y13--->?JN+M))
:diVb(xvyN-i-la"'vyN-f-M)
U€V+M(x7y17"'7yN+M—17') € H}%ET(Q)
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Since the leading term does not depend on the variable yx s, the minimizer does
not depend on p so that ,UKH-M = un4Mm is the solution of

{ —divA (z,y1,. - YN) Vyn o ON4+M (T, Y15 - yNnr) = div b (2, YN, - - - YN+M)
UN+M(x7yla <3 YN+M -1, ) € Hp}er(Q>'

Therefore, for every 1 < ¢ < M, the minimizer vyy; € Vx4, is the solution of the
problem

<

{ _diVA(xuyla”'7yN)vyN+ivN+’i(x7y17"°7yN+i) = di Bi(xayN+1)°"ayN+i)
UN+i(xay17"-7yN+i—17') € Hper(Q)7

with

bi(T, YN+15 -+ YN+i) = /M (@ YNty YUNEM) AYNitd - YN
Q —1

provided the matrix function A (z,y1,...,yn) does not depend on the variables

YN+i-
Now, fixed v; € U, for every 1 < i < N — 1, the minimizer v}, € ¥y is the
solution of

- diVyN A(xvyla e 7yN) (p+ Zz]\izl vyivi(xayla e ayl) + VyNUﬁ/(fE,?/ly cee J/N))
= divy, bo(x)
’U]’i[(x7y1>"'7y]\f—la') € H]%@T(Q)a
with
bo(z) = /ij(xayN+lv"'7yN+M) dyn+1 .- - dynym-
Q

Notice that there is not a dependence on the previous minimizers vy g because it
holds

M
Z/QM Vyn i ON+.(T Y15 - - YN+k) dYyn+1 - dynem = 0,
k=1

for every vnik(®,y1,. .., YN+k—1,-) € H}(Q). Thus the minimizer v} is the
solution of

{ —divyy A (z,y1,...,UN) (p+ > Vyvi(z, gL, ..., y0) +Vnyus(x,y1,...,yN)) =0
vﬁ/’(maylv'”ayN—lf) € H}%@T(Q%

which may be written as a function of p by putting

d N-1
ov;
/U]Q[($7y17"‘7yN) = Z wév(x)ylw")y]v) (p] + Z 8;(%,@177%)) )

j=1 i=1 9Y;
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so that

Vyn U (@, 41, - yn) Z; VyNw (x,y1,.--,YN) (p] + Z 8 ; (x yl,...,yl)> .
J

The function w; N(x,y1,...,Yyn—_1,) is the solution of the unit cell problem

{ - diVyN A(‘x?yla-”vyN) <6]+VyN w; (.fC,yl,...,yN)) = 0 in Q
ij(l’,yl,...,yN_l,-) € H;er(Q)

for every 1 < j < n and some basis {ey,...,e,} of R™.
Replacing the expression of V,, v% in ¢(z,p), we obtain that

N-1
vix,p) = 1}2\% /QN+M < (In + [Vyyw)']) <P+ Z Vyﬂ%’)
i i i—1

1<i<N—1
T
> A(xvyla"'vyN)
2

k
N-1 M
(([n + [VyN'lUjV]) (,0 + V%”Z) + Z VyN+k'UN+k>

=1 k=1
N-1 M
+b(£1?, Yty - 7yN) : (( [vyNw] ]) (p + Z V%”l) + ZvyN+ka+k>] dy
i=1 k=1
where [VyijN (z,y1,- .. ,yN)} is the n x n-matrix whose columns are the vectors

Vyij-V(:E,yl, .o yN), with 1 < 5 <mn.
Iterating one more time, fix v; € ¥;, with 1 <4¢ < N — 2, and let us minimize in
vn_1 € ¥Yny_1. The minimizer v'XPl is the solution of

- diVyN—l A7V—1 (p + 22]2_12 Vyivi($v Yty - yz) + VyN—vil—l(xa Y1y 7yN—1))
= divy,_, bo(x)
vﬁ[_l(x7y17 <y YN=-2; ) € H]%e'r(Q)

where the matrix function A%_(z,y1,...,y~—1) defined by
= /Q (Lo + [Vou )T A v, ux) (I + [Vynw]) dy,

and

bo(z) = /QHM( [VyNwJ (w,yl,...,yN)])TA(x,yl,...,yN)

Vynsn Nk + 0@ N1, - yntar) (In + [Vyew (@91, .. yn)]) dyn - dynar.

M=

£
Il
MR
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Then we conclude that the minimizer va_l is the solution of
. N-2
{ _dIVA7V—1 (p + Zi:l Vyivi(wv Yty --- 7yz) + VyN 1U]<] 1(1‘ Y1, .- 7yN—1)) =0
,U]’if—l(x’yla -y YN-2, ) € H]%er(Q)
and may be written as

n

N-2
_ ov;
v%—l(x,ylv""y]v—l) = E w]N 1(‘T’y17""yN—1) (p] + E Z(xaylaayl)> )

J
j=1 i=1 ayz
so that
n
vyN—lv]pV—lzz vyN—lw;'V_l(xuylw"uyN (pg‘i‘ Z I ylv"‘7yi)> .
j=1
The function wN_l(x, Y1,---,YN—2,-) is the solution of the unit cell problem

J

N-1

{ —diVyN_1 A?\/—l (m,yl,...,nyl) <€j —|—VyN . Nfl(x yl,..-,nyl)) =0
w] N (.’L’,yl,---,yN—Qy ) € Hper(Q)

for every 1 < j < n.

It follows
Y(x,p) =
- vllg\%l /QN+M [( ( [vyNw] ]) (In + [vyN+1 §V+1i|> <P+ Z Vylvz>
1<i<N-2
M T
Az, 1, ...,
+ ZVyN+kUN+k ) (l’ y12 YN)
k=1
N-1 M
(( [VyNU/J ]) (In + [vyN-H N+1}) <p+ Z Vyz’01> +ZVyN+ka+k>
i=1 k=1

+ b(x,y1,- .., YN) - (( [VyNw] 1) (In + [Vym_l ;VHD <p+ Z Vylvz>

M
+ ZvyN+kUN+k> ] dyl...dyN+M_
k=1

Calculating other minimizers v/, with 1 < ¢ < N — 2, we achieve the explicit
expression of ¢ (z, p). O
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6.5. The non-periodic multi-dimensional case
Consider the problem

(P.) {—div AE(I)VUE(iZ Z (Iiil;l/(%gif) in

with {A;} C [L*°(Q)]™*" symmetric and {b.} C [L>°(02)]" satisfying the following
conditions:

(H1) c1]p)? < pTAc(x)p < calp|?, for some ¢y > ¢1 > 0,
(H2) {b:} is uniformly bounded in [L>(£2)]",
(H3) {(Ae,b.)} satisfies the Composition Gradient Property (CGP).

The CGP is a sufficient condition to obtain the explicit characterization of the
density of the I'-limit of functionals

I.(u) = /Q[Vu(a?)T AE2(x) Vu(z) + be(x) - Vu(z) | dx (6.5)

defined in H{(Q). It was introduced in the previous chapter to characterize the
I-limit of general sequences of functionals, in the non-periodic setting. Let us recall
its definition for sequences of pairs {(A.,b:)}.

Definition 6.5.1 A sequence of pairs (Ag,be) : Q@ C R — R™™ x R"™, with
associated Young measure 1 = {n;}.ecq, satisfies the CGP (with respect to the
exponent q) if and only if there exists a Carathéodory map ¢ :  x R™™ x R" — R™
such that, for a.e. x € §Q,

i) ¢(x,-,-) is one-to-one over the support of Ny;

i) {p(z, Ac(z +127),be(x + 1))} is “essentially a sequence of gradients”, in the
sense

lcurl (e, Ae(w +re), be(z +re)) llw-ram) 5 O

for some sequence r: \, 0.

Under the CGP condition, the explicit characterization of the density of the I'-

limit of functionals (6.5) was achieved by means of the Young measure associated
with {(Ag,be)}.
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Theorem 6.5.1 Let {A:} C [L>®(Q)]™*" and {b-} C [L>®(N)]" satisfying (H1),
(H2) and (H3). Then the sequence of functionals in (6.5) is I'-convergent, in the
weak topology of H}(SY), to the functional I defined by

I = ,V d
(w) /Q (e, Vu(x)) de
with
. oA
bap) = inf { / [@(A,ﬁ) Ao + ﬂ-«p(A,ﬁ)] dna(A.B)
wEA;L- RnXn+n 2
o= [ B dn(A0) }
and
Az = {go (R xR — R” || curl p(Ac(x +7e), be( + 720)) lw-1.a(8) — 0}

for any q > 2, whenever the sequence {(A:(x +1¢-),b-(x + 1))} defined in the unit
ball, for some sequence r- \, 0, generates the homogenous Young measure 1;.

Proof. It is a particular case of Theorem 5.1.1 for quadratic functionals. O

Here our aim is to characterize the leading coefficient and the source term, coming
from the homogenization of problem (P.), through the I'-limit of its associated
sequence of functionals I.. However, in the general non-periodic setting of Thereom
6.5.1, it is not easy to write explicitly the homogenized equation separating the
leading coefficient from the source term. Indeed, if u. is the solution of (P:), then
the sequence {u.} is weak convergent in H}(f2) to the solution ug of

{ — div (%(JE,VUO(CE))) =0 in
uyg € H&(Q),

where 1 is defined in the previous theorem.

Basically, to turn the homogenized equation into a more explicit divergence form
depends on the characterization itself of the admissible fields ¢ € A,, ie the fields
 for which the composition sequence

{p(Ac(m +7e-), be(x +120)) },

defined in the unit ball, is essentially a sequence of gradients, whenever the sequence
{(Ac(x + 7re-),be(x + 1<) } generates the homogenous Young measure 7).
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6.5.1. Examples

1. Consider the function v € WOI’OO(D) so that c1]p|? < p? Vo ®@ Vup < ea|p|?. Let
us consider a Vitali covering {mgf) + r,(f)D}k of Q, with {ajgf)} C Q and r,(f) > 0, and
define the sequence of functions v, : £ — R by putting

(e)

Tk

_ .8
ve(z) = r,(f)v (w Tk ) if xEx,(f)+r§f)D.

The sequence of pairs {(Vv. ® Vv, Vv )} generates the homogenous Young measure
1 given by

(o) = w?r /D o(Voly) ® Vo(y), Vo(y)) dy,

for every ¢ € Co(R™™ x R™), and it verifies the CGP provided, if we take the
injective field ¢ defined on the support of by ¢(b® b,b) = b, the sequence of
functions ¢(Vv. @ Ve, Vo) = Vo, is a gradient sequence. Thus it follows from
Theorem 6.5.1 that the sequence of functionals I. defined by

I.(u) = /Q [Vu(x)T Vva(x)(;i)Vva(x) Vu(z) + Vva(x)~Vu(x)] dx

is I'-convergent to the functional I whose homogenous density 1 : R” — R is given
by

Y(p) =

—int g [ |0 va) ST ok wa) 4 90 (0 4+ 30|

Indeed, taking into account the previous definition of n and after the change of
variable ¢ = Vz + p, provided the constraint curl (Vv ® Vo, Vo) = 0 is met,
we achieve the expression above. Notice that, for each p € R™, the minimizer
2P € H}(D) may be written so that

V2 (y) = Y Vi) e+ Valy),
j=1

where f; is the solution of

{ — div Vu(y) ® Vo(y) (e; + Vfi(y) = 0 in D,
f; € Hy(D),

for every 1 < j <n, and g € H}(D) is the solution of

{ — div Vo(y) ® Vo(y)Vg(y) = div Vu(y) in D
g € Hy(D).
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Replacing the expression of Vz”, and after some calculus, the explicit expression of
1 as a quadratic function is achieved, ie

I(u) = /Q[Vu(x)TAOVu(:B) + g°-Vu(z) +c | dz,

2
with
4 = ,,a [ @+ D@D Tu(s) @ To(o) (T + V) .
o = o [ (T Vel) @ Vo) + Vo) (L + (956D du
c = ,D|/ ( ()7 Y2 )fw( )+Vv(y)> - Vg(y) dy.

If u. is the solution of

— div Vo () ® Ve (2)Vue(z) = divVoee(z) in Q,
ue € H(% (),

then the sequence {u.} converges weakly to the solution ug of

— div ApVug(z) = 0 in Q
u € Hg(9),

provided g¢* is constant.

2. For a more explicit example (which may also be considered within the framework
of periodic homogenization), define the sequence of pairs (ag,b:) : @ — (1, 4+00) xR™
by putting

(ac (@), be(x)) = (a1, b1)X(0,4()) (25) + (‘”’b?)( (g é))

where X(04(z))(s) is the characteristic function of the interval (0,t(x)) over (0, 1),
extended by periodicity to R. There exists an injective field ¢ : (1,+00) x R" — R™
satisfying the continuity condition on the interface

¢(ar,b1) — ¢(az, ba) || m,

for the normal vector 7, ie the sequence of pairs {(ae,b:)} satisfies the CGP.
In this case, we are interested on the homogenization of a Dirichlet problem for
a laminate composite material of type

— div az(x)Vue(x) = divbe(z) in Q
Us € H&(Q)v
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which is associated with the family of functionals
I.(u) = / [ aeéa:) |Vau(x)]? + be(z) - Vu(z) ] dx.
Q

It follows from Theorem 6.5.1 that the sequence {I.} is T'-convergent to the
functional I whose density 1 is defined by

b(a,p) = A%gﬁn{t(x) (%\A|2+b1-A)+(1—t(m)) (%]B|2+b2-B)
p=tx)A+(1-t@)B, (B-A)|n} =
= min { #(x) | Tlo— (L= t(@)en]? + b1 (o= (1= t(@))en) | +

a ~ -
+ (1 —t(x)) { ;\p +t(x)en|? + by - (p+t(x)en) ] } ,
provided the sequence {(ac,b:)} generates the Young measure n = {n,}.cq given by

Nz = t(.ﬁL‘) 5(a1,b1) + (1 - t) 6(112,1)2)'

After some computations, we conclude that the integrand 1 is a quadratic function
defined by

vwo) = P s @)+ )
with
_ ai az
ao() (1—t(2)) a1 + t(z) az’
. _ t(r) az (1—t(z))a;
@) = T art@ar T Tt a + @) am
and
oy = @i

(1 —=t(x)) a1 +t(z)as

The associated homogenized equation may be written explicitly as

{ — div ag(z) Vup(z) = divg*(z) in Q
up € H&(Q)

Notice that, thanks to Theorem 6.5.1 and the laminate structure of the domain (2,
we obtain so explicit expressions for the effective coefficients.



Chapter 7

['-convergence of laminates with
non-standard growth conditions

7.1. Introduction

As we have remarked, I'-convergence is a very useful tool to study composite
materials and determine their effective properties. Namely, if we have that the
elastic internal energy density of a certain material ¢ is W;(p), for a matrix variable
p, and we mix several of these materials periodically in the unit cell @, in a prescribed
way given by characteristic functions x; of a partition of ), then the behaviour of
the mixture will have an energy density

W(z,p) = > xi(z) Wilp).

(2

If we now perform a refinement on a scale 1/, the effective behaviour of the resulting
composite material will be determined by the I'-limit of the sequence of functionals
associated with the densities

W) = 3 xiliz) Wilp).

)

In this chapter, we restrict attention to the situation where the densities are given
by

Wiz, p) = Xz -n)Wilp) + (1= X0,z - n)) Wa(p),
where x(0,)(y - n) is the characteristic function of the interval (0,t) over (0,1),

extended by periodicity to R, and 7 is a unit vector in R™. A laminate composite
material, with layers normal to n, is considered. Notice that we may write

W(a;(x),p) = Xz n)Wi(p) + (1—x@n(iz- 1)) Walp),

127
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whenever the sequence of functions a; : 2 — (1,+00) is defined by

aj(xz) = p X(o,t)(jfU : ﬁ) + q (1 — X0t (JT - ﬁ)) ,

with 1 < p < g < o0, and Wi(p) = W(p, p), Wa(p) = W(q, p) for every p € R™. So,
we investigate the explicit representation of the I'- limit of the sequence of functionals
I; defined by

Ii(u) = /QW(aj(x),Vu(x)) dz, (7.1)

where the sequence {a;} is the previous one, and W : (1, 00) xR™ — R is a continuous
function, convex in the second variable, satisfying the non-standard growth condition

cdol* < W(hp) < C+|plY)  forevery (\,p) € (1,00) xR",  (7.2)
with C' > ¢ > 0, which implies
clplt@) < W(a;(x),p) < C(1+ 1p|%@))  for ae. z € Q, every p € R", j € N(7.3)

This means that, for each j € N, the functional I; given by (7.1) is well defined in
the generalized Sobolev space

wha(Q) = { uwe LY@ (Q) / In Vuj(x)]aj(x) dx < 400, for some n >0 },
Q
with
L%‘(I)(Q) = { ue LY Q) : / \nu(x)|“ﬂ'(m) dr < 400, for some 1 > 0 },
Q

and Wh(Q) ¢ Wh%@)(Q) ¢ WhP(Q). For more details on these spaces, see
Appendix.

Our main result, on the I'-convergence of functionals I; satisfying the a;(x)-
growth condition, is the explicit characterization of the limit density, without any
restriction on the upper exponent g. Namely, in Theorem 7.2.1 below, we conclude
that the sequence {I;} is I'-convergent (in the weak topology of W1P(Q)) to the
functional I given by

I(u) = /Q (V) da,

where the density ; : R™ — R is defined by

be(p) = Argierﬁn{tW(p,A)Jr(l—t)W(q,B) L p=tA+(1-1t)B, 7 | B—A}.
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The limit energy density is defined through a finite minimization problem in R", or,
obviously, through an one-dimensional minimization problem, ie

Uilp) = min { tW(p.p—(1=t)en) + A=) W(g.p+ten) |
for every p € R™.

An important issue is the definition of the domain of the I'-limit, that is the
class of functions u : © — R for which [, ¥;(Vu(z))dz < co, denoted by W(Q).
This class is an intermediate set of functions between W14(Q) and W'?(Q), which
depends on the fixed value ¢t € (0,1). Indeed, depending on the value of ¢ in the
interval (0,1), ¥;(Q) is closer to WP(Q) than to W14(Q).

Notice that, if one considers the I'-convergence in different topologies and with
different structures on (2, interesting and surprising phenomena may occur. For
instance, the Lavrentiev phenomenon may appear when we take the chess-board
structure on the plane and power-law materials, with different powers, as in [35] and
[73]. Here we are considering laminated structures in R with two materials with
different growth.

In the particular situation of power-law composite materials, where the density
is a combination of powers of the norm of p, it is known that if the corresponding
exponents of all of the materials are the same, e.g. p = 2 = ¢, then the resulting
homogenized density will also be a power-law material with the same exponent.
In this chapter, we focus on the situation where these exponents are different.
Specifically, in the last section, we consider the example of power-law materials
with energy densities

W(Xxp) = FA) Ip*,
where f(A) > ¢ > 0, and composites with energy densities

W(aj(),p) = f@)lpl xonGz-n) + f@lpl? (1= xn Gz ).

which are obtained by mixing layers, with the same direction, of each material.
Our conclusion is that the limit energy density does not correspond to a power-law
material. Indeed, according to Corollary 7.4.1, the sequence of functionals

Ii(u) = /Q F(a(2)) |Vu(z)[ %@ da

is T'-convergent (with respect to the weak topology of W1P(€Q)) to the functional I
whose density is given by

vilp) = min {tf() AP+ (1 =f(q) Bl : p=tA+(1-0)B, n | B—A}.
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The domain of the I'-limit is the set
Uy () =
= {u € Wl’p(Q) : Vu=tA+ (1-1t)B, / [t|A(z)]P 4+ (1 —t)|B(x)|?] dx < oo} .
Q

An interesting application of this result is the homogenization of Dirichlet problems
with a;(x)-laplacian of type

{ — div [a;(2) f(aj(z))|Vuj(2)|%@D2Vui(z)] = 0 inQ
uj = 0 on 90

discussed in the last section.

7.2. Main result

We are interested in the explicit characterization of the I'-limit of non-linear
functionals of the type

Iij(u) = /QW(aj(:c),Vu(a:)) dx,

where the integrand W (A, p) is continuous in (1,00) x R™, convex in R™, and
satisfies the non-standard growth condition (7.2), with exponents depending on the
first variable. The sequence of functions a; : Q2 — (1,400) defined by

a(2) = pxonGe- ) + a(1-xopliz-n)) (7.4)

stands for a first order laminate, where x (o is the characteristic function of (0,t)

over the interval (0, 1), extended by periodicity to R, n € R" is the normal unit
vector, and 1 < p < q < oo. Thus, we focus on a family of functionals whose
densities satisfy

clplv® < W(aj(z),p) < C(1+ |p|¥®), for a.e. x € Q, every p € R".
The following Theorem is the main result of this chapter.

Theorem 7.2.1 Let Q be an open bounded set in R™. Let W (A, p) : (1,400) xR" —
R be continuous in both variables, and conver in the second one, such that there
exist C > ¢ >0,

o < Wp) < CUpP+1),  for every (\,p) € (1,+00) x R".

Then the sequence of functionals I; defined by

Ii(u) = /QW(aj(x),Vu(x)) dz,
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with {a;} given by (7.4), is T-convergent (in the weak topology of WHP(Q)) to the
functional

I(u) = /Qd)t(Vu(x)) dzx,

where 1 : R™ — R is given by

wt(p)ZA}gierﬁn{tW(p,A)Jr(1—t)W(q,B) D p=tA+(1-1)B, n || B—A}-

The main achievement relies on the definition of the homogenized density )y
through a finite minimization problem in R™ under two linear restrictions, which
may be even written as a minimization problem in R, ie

Uilp) = min { tW(p.p—(1=t)en) + A=) W(g.p+ten) |

for every p € R".
Remark 7.2.1 Theorem 7.2.1 may be obtained if we consider a second order
laminate given by
aj(z) =
= pix(on (o 1) + (1 — X(0,0) (4 - ﬁ)) (p2X(o,s) (j - m) + ps (1 — X(0,5)(JT - 771)))

for some unit vector m e R”, and 1 < p1 < po < p3 < oco. In this case, the
homogenized density 1 is defined by

Yi(p) = A,g},l(}l%w{tW(ple)*F(l—t)SW(pz,B)Jr(1—15)(1—3)W(p3,0) :

p=tA+(1—t)sB+(1—t)(1—s)C, n|[A-(sB+(1—5)0), mc—B}

for every p € R™.

7.3. Proof

This section is entirely dedicated to the proof of the main result.

Proof. (of Theorem 7.2.1)
Step 1: (the lower limit inequality) Let u € W'P(Q) and {u;} be any weak
convergent sequence to u in WHP(Q). Let v = {v;}seq be the Young measure

associated with the sequence of pairs {(a;, Vu;)}, with support in (1,+00) x R™.
Then it holds

liminf/ W(a;(x), Vu;(x)) de > / W (A, p) dvg(A, p) dx.
Q Q JRnH1

J—o0
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The Young measure v may be decomposed as the product
Vp = Mg ®0 = tpp, ®0p+ (1 —1) gz ® 0, for a.e. x € Q,
where the homogenous measure o given by
o = td+(1—1)d,,

is the Young measure associated with the sequence {a;}, and p,, pgy are some
probability measures supported on R™. Thus

liminf/ W(a;(x), Vu;(x // W(X, p) dpyz(p) do(X) de.
R"

J—00

Since W (A, ) is convex in R", for every A € (1,400), we may apply the Jensen
inequality so that

/Q/R - W (A, p) dpxra(p) do(N) de > /Q/R{W(A,/Rnpdmw(p)) do()) d.

Let us define the function ¢ : Q x (1,400) — R™ by putting

Pz, A) = / p dpix .z (p).
Then

liminf/W aj(z), Vu;(z)) de > //W A))do(N) dx,

j—00

and
Vu(z) = /ch(x,/\) do(A) = to(x,p)+ (1 —1t)p(r,q) ae. in .

Notice that the sequence {Vu;} generates the gradient Young measure 6 = {0, },cq
given by
0 = tppe+ (1 —1) pga,

and ¢(z,p) (resp. ¢(x,q)) is the first moment of fi,, (resp. pq.). Recall that, for
fixed x € Q, if we put A = ¢(z,p), B = ¢(z,q), thus 6, is a homogenous gradient
Young measure whenever B — A is parallel to the unit vector 7. In this way, it holds

/W A)do(N) = tW(p,p(z,p)) + (1 —t) W(g,(z,q) >

> min {t W(p, A) + (1 —t)W(q,B) : Vu(z) =tA+(1—t)B, n| B — A} .
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Therefore we achieve the inequality

tim inf /Q W (a;(2), Vi (2)) dor > /Q (V) de,

for any weak convergent sequence {u;} to u in W1P(Q).

Step 2: (the recovering sequence) It remains to prove that, for each u € WP (Q)
such that [, ¢¢(Vu(z)) dx < oo, there exists a sequence {u;}, weak converging to u
in WHP(Q), for which

lim [ W(a;(z), Vu;(z /wt (Vu(z
j—00 0
Let us consider u € WP(Q) such that [, ¢¥4(Vu(z)) dz < co. From the definition
of 1, for each p € R", there exists an optimal pair (A(p), B(p)) € R™ x R™ such
that

Vi(p) = tW(p, Alp)) + (1—1t)W(q, B(p))
p = tA(p)+(1—-1)B(p)
c(p)n = B(p)— Alp),

with ¢(p) = [B(p) = A(p)], ie

Yi(p) = tW(p,p— (1=t)e(p)n) + (1—t)W (g, p+ tc(p)n).

Therefore, for a.e. z € Q, if we take p = Vu(x), there exists (A(Vu(z)), B(Vu(x))) €
R™ x R™ so that

Ve(Vu(z)) = tW(p, A(Vu(z))) + (1—1t)W(q, B(Vu(x)))
Vu(z) = tANVu(z))+ (1 —t)B(Vu(x))
) B(Vu(z)) — A(Vu(z)),

N
n

c(z

with ¢(z) = |B(Vu(x)) — A(Vu(z))|,

/wt (Vu(z =

- /Q [t W (p, Vu(z) — (1 — t)e(a)n) + (1 — ) W(g, Vu(z) + tc(x)ﬁ)} dz < 00(7.5)
and, due to the coercivity of W (A, p),

C’/ t |Vu(z) — (1 —t)e(z)n|P + (1 —t) [Vu(z) + tc(x)ﬁ|q} dx < /Q@Z)t(Vu(x))d:U

for some constant C' > 0.



134 7 I'-convergence of laminates with non-standard growth conditions

Consider the Young measure n = {1, }.cq supported on R", given by

Nz = to — + (1-1t)6

Vu(z)—(1—t)e(z)n Vu(z)+te(z)n

for a.e. x € 2, whose barycenter is Vu, and the integral

/Q/Rn P dne(p) do =

_ /Q[t\Vu(x)—(l—t)c(a:)mp—i—(l—t) [Vuz) + te(x)n]? | do

is finite. Thus there exists a weak convergent sequence {u;} to u in W1P(Q) such
that n is the gradient Young measure associated with {Vu;}. From (7.5) it follows

lim [ W(aj(z),Vu;(z)) de = /Q@Z)t(Vu(x)) dzx.

Jj—0 Jo

7.4. Example: a;(z)-laplacian

The homogenization of layers composite power-law materials is the main
application of Theorem 7.2.1 which we are concerned on. Namely, consider the
integrand W : (1,400) x R” — R defined by

W p) = Q) [p,
for some continuous function f : R — (0, 400), so that there exist C > ¢ >0
clp < fN N < ¢+ |pP), for every p € R" and \ € (1, 0).

Corollary 7.4.1 The sequence of functionals
L = [ fla@) [Va@[»® do

is T'-convergent (in the weak topology of W'P(Q)) to the functional I whose density
Y R® - R s given by

Yi(p) ZA}gieIﬁn{tf(p)\A|p+(1—t)f(q) [B|” : p=tA+(1—1)B, n | B—A}-

The limit energy density ; may be even written as an one-dimensional
minimization problem

di(p) = min { ££0)lp— (1= TP+ (1 —1) fla) lp+ctnlt }.

ce
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Moreover, this explicit characterization enables to know how looks like the
homogenized equation of optimality associated with this family of functionals.
Indeed, we may look at the equations of optimality associated with the sequence
of functionals I}, ie the Dirichlet problem with the a;(x)-laplacian

{ — div [aj(x)f(aj(x))|Vuj(m)\aj($)_2 Vuj(x)] = 0 inQ

uj = 0 on 01, (7.6)

which may be written as

—div |p f(p) |VuJ1 (z)[P~2 Vujl. ()| = 0 in§y
—div | q f(q) |Vu?(a:)]q_2 Vu?(:v) = 0 inf
Vujl —IVuji [ n on 98N o0
uj, u; = 0 on 09,

Q; = {a:EQ : X(Oyt)(jx-ﬁ) = 1} and Qf = {mGQ : X(OJ)(jx-ﬁ) :0}.

From the previous corollary, it follows that there exists a sequence of solutions {u;}
weak converging to the minimum point u of the I'-limit, which is solution of the
equation
— div Vi (Vu(z)) = 0 inQ
{ u = 0 on 9.
Let us compute the gradient of ¢;. Fixed p € R™, if ¢ =¢(p) € R is the minimum
point, then

Vir(p) = tfp)plo+e(—t)nf2(p+c(l—t)n) (Ia+ (1 - t)diag(n® Ve) +

(1= t) f(@)alp— ctRIT2(p — et W) (T4 — t diag(n ® V)
where I, is the n x n—identity matrix, and diag(n®Ve) is a n x n—diagonal matrix
with values ni(%ci(p), 1 < i < n. Clearly the homogenized equation is neither a p-
nor a g-laplacian, but instead it is similar to the convex combination of both.

Besides, an interesting issue on the definition of the limit density ; is the
definition itself of the domain of the I'-limit, ie the subset of WP(Q) where the
functional [ is finite, denoted by W;(12), for each t € (0,1). Indeed, in the particular
case where the coefficient f(\) = 1, the study of the I'-convergence of functionals

Ii(u) = /Q V()%™ da
leads to the subset
() =
= {u e WHP(Q): Vu=tA+ (1—1)B, /Q [t|A(z)[P + (1 — )| B(x)|9] dz < oo}
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which is an intermediate class of functions between W14(Q) and W1?(Q). Moreover,
depending on the value of ¢ € (0,1), the set W;(€2) is closer to W14(Q) than W1P(Q).



Appendix A

A.1. Slicing decomposition of measures

Definition A.1.1 Let E C R™, FF C R"™ be open sets, o be a positive Radon
measure on E and py be a finite Radon measure on F. Assume that

/ a(F)] do()) < oo,
E

for all open E CC E. The generalized product of measures is the Radon measure
o®uy on E X F for which

wom)B) = [ ([ xunn) dusio)) do
for all B C B(K x F), where K C E is any compact set.

Notice that the integration formula

A%Fﬂ%pﬁﬂa®wﬂﬁm)Zué<AjQ¢0mQ@OddM

holds for every bounded Borel function f : E x F — R with support in E x F, with
EccE.

Lemma A.1.1 (See [8]) Let E C R™ and F C R"™ be open sets, v be a positive
Radon measure on E X F' and o be its projection onto E, which is also a Radon
measure. Then, for o-a.e. A € E, there exists a probability measure uy on F such
that, for every bounded continuous function f,

1. the map
F — R
A /Ff(/\,p) dpx(p)

18 o-measurable;

137
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2. it holds

fOup) dvivp) = [ ( [ o) d/mm) do(N).

ExXF

Definition A.1.2 Let (X,&) and (Y,F) be measure spaces, and let f: X — Y be
such that f~Y(F) € & whenever F € F. For any positive measure p on (X, &), we
say that fyp is the push-forward measure of p through the function f if it is defined
in (Y,F) by

fin(F) = p(fH(F)), VFeF

From the definition of push-forward measure fyu, if w is a function in Y
summable with respect to fyu, then

[ o) dne) = [ w(r) dui
Y X

A.2. Carathéodory and convex functions

Theorem A.2.1 (See [28, Lusin Theorem]) A function f : Q — R is measurable if
and only if, for every compact set K C € and all € > 0, there exists a compact set
K. C K such that |K \ K¢| < e for which the restriction of f to K. is continuous.

Definition A.2.1 A function f : Q x R* = R is a Carathéodory function if
i) f(-,p) is measurable in Q, for every p € RY,

ii) f(x,-) is continuous in R?, for a.e. x € Q.

Theorem A.2.2 (See [28, Scorza-Dragoni theorem]) A function f: Q x R* — R is
a Carathéodory function if and only if, for all compact sets K C § and all € > 0,
there exists a compact set K. C K such that |K \ K| < € for which the restriction
of f to K. x R% is continuous.

Theorem A.2.3 (See [64, Nemytskii operator]) If ¢ : Q@ x R™ — R? is q
Carathéodory map, and 1 < p < 400, 1 < g < 400, then the following statements
are equivalent:

i) if {u;} is bounded in LP(Q;R™), then {p(-,u;(-))} is bounded in LI(;RY),
ii) there exist a € L1(Q2) and b € R such that

lo(z,\)| < alz) +bIAP/Y,
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iii) if {u;} is strong convergent in LP(Q;R™), then {¢(-,u;(-))} is strong
convergent in LI(€; RY),

Theorem A.2.4 (See [28]) Let V be a real vector space, g : V — R be a sub-linear'
function, U a vector subspace of V, and f : U — R a linear function such that
f < g. Then there exists a linear function f : V — R such that f = f in U, and

f<g.

Corollary A.2.5 Let V be a normed space, U a topological vector subspace, and
f:U — R a continuous linear functional. Then f can be extended into a continuous
linear functional over V' with the same norm.

Lemma A.2.6 (See [63]) Let Q have Lipschitz boundary, and u € WOI’OO(Q). Then
there exist piecewise affine functions u; € W&’OO(Q) such that {u;} converges strongly
to uw in WHP(Q), for any 1 < q < oo, and |uj||p=~ < C||Vul|p=, for some constant
C independent of j.

Theorem A.2.7 (See [49]) Let ju be a positive Radon measure with support in R?,
such that p(Q) = 1, for some Q, and let f be a vector field in L'(Q; ), such that
K is a convex subset of R? and f(x) € K for p-a.e. * € Q. Let ¢ : K — R be a

CONvVeET iunction. Then
Y2 d/t ("2 du

Definition A.2.2 The convexification of ¢ : & — R is the function Cp defined by
Co(y) = sup{ g(y) : g is a convex function and g(z) < ¢(x) Vx € Q},
for every y € Q, ie it is the greatest convex function not greater than .

Lemma A.2.8 (See [49]) Let ¢ : Q — RY be a continuous function. Then, for every
y €Q,

Co(y) = inf{ /Rd @(A) dn(A) = ne M, }
where

M, = {V probability measure over R® : there exists z € LI(Q;RY)

- 1
such that v =0, and y = QI/Qz(x) dx } ,

'f .V — R is said to be sub-linear if g(au) = ag(u), Ya > 0, and g(u +v) < g(u) + g(v),
Yu,v € V.
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and
LI RY) = {z : Q — R? measurable : / g9(|z(x)]) dz < 00 } .
Q

Notice that the above infimum is attained when ¢ is a coercive function. M,
is the set of all probability measures v with support in R¢ for which there exists a
function z in LY (Q; ]Rd) such that

» v is the homogeneous Young measure associated with the sequence (z);, ie

1
) = g | e@) e = [ o) ao:

"y = \Ql fQ ) dz, ie the value y € R is the average of z over €.

Thus M, is the set of all homogeneous Young measures associated with constant
sequences (z); C LI (Q; ]Rd) whose average over () is y.

Proposition A.2.1 (See [49]) M, is a convex set of probability measures.

A.3. Curl and Green’s formula

For 1 < p < oo, the dual space of Wol’p(Q), denoted by W% (Q), may be
characterized as the completion of Lp/(Q) with respect to the norm

| ot@yota) dal.

which means L (Q) is a dense subset of W~ (). So the imbedding L (Q) C
W= (Q) is compact?, and for any v € L (Q), ¢ € Wol’p(Q) it holds

[vlly-1,r = sup
lelyp<t

D ol < Mol e
i) | fqv(@) e(2) dz| < [Jvlly—ra 1ol

Moreover, V € W=1P(Q; R?) if and only if there exist v1,...,v, € LP(;R?) such
that

Z/ vi(x 896 ) dx for every ¢ € Wol’p(Q;Rd).

See [2] for more details.

2 Any bounded sequence in ¥ (©) has a strongly convergent subsequence in WL ().
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Definition A.3.1 Let v € LP(Q;R™). The skew-symmetric matriz curl v is a
continuous linear operator in W=1P(Q) defined by the dual pair

et g = [ (g;;@—g;g@)mgom) dr =

= [ 14(2) @ Viola) = Volo) @ v(a) ] d =

- </Q [vi(x)g;(x) - g:z (x)vj(l’)] da:) e RV

l’]

for every ¢ € Wol’p/(Q). Its norm is defined by

| curl v |ly-1, = sup | (curl v, @) |.
el 10 <1
0

Notice that

» for some v € LY (R™R"™), curlv =0 in R™ if

[ [w@)g;;@— @) | de = 0, Vg e CRRY,

for every i, =1,...,n.

= if v = Vu, for some u € WHP(Q), then curlv = curl Vu = 0 and we say that v
is irrotational.

w if v € LP(Q;R™), where Q is a bounded open set with Lipschitz boundary and
simply connected, and curlv = 0, then there exists u € W1P(Q) such that
v = Vu.

(For more details see, for instance [29, 34].)
The generalized Green formula for functions of bounded variation® stands as
follows. (See [8, 10].)

Theorem A.3.1 (generalized Green’s formula) Let 2 C R" have Lipschitz
(T') such

boundary T'. There exists a linear continuous map v : BV () — L%{n,l
that

i) for allu e C(Q)NBV(Q), v(u)=u|p,
i) for all p € CH(Q;R™),

-dDu(x) = — iv ) u(x) dx ulx z)-n(x n=1(y
/Q@(fﬂ)dD() /Qd (@())()d+/v(())s@() () dH"(x)

r

where n(x) is the outer normal vector at H" '-a.e. x € T.

*BV = {u € L"(Q) : |Du|(Q) < oo} is the set of all L'-functions whose distributional derivative
Du = VuLl" + D®u is a measure with finite variation in Q.
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A.4. Generalized Lebesgue and Sobolev spaces

In this section we introduce the generalized Lebesgue and Sobolev spaces,
and discuss some of their properties, like reflexivity, separability, and density
of smooth functions. For more details, see [65] and the references therein.
The generalized Sobolev spaces are the natural spaces where the functionals I},
considered throughout Chapter 7, are defined. We give a general idea of these
spaces, even though the following results will not be used.

Definition A.4.1 Let p: Q — (1,00) be a measurable function such that 1 < p; <
p(z) < py < o0, for a.e. x € Q. The generalized Lebesque space LP@) (Q:R?) is
defined by

Lp(r)(Q;Rd) = { ue LY RY) / \nu(x)|p(x) dxr < oo, for somen >0 }
Q

p(z)
der < 1

1 1
|| 7 pea Sl——i—/uxp(x)dx.
[ull Lo i Q\ ()]

The mapping

lull o) = inf{ n>0: /
Q

is a norm in the space LP(*)(€; R%), such that

u(@)
n

Moreover, the space LP(Q’)(Q;]Rd) endowed with this norm is a Banach space. Let

p/(z) be the conjugate function of p(z), defined by p'(x) = p(ng)xll in Q. The following

generalized Holder inequality is true in these spaces.

Lemma A.4.1 (See [65]) Let p : Q@ — (1,00) be a measurable function such that
1 <p <p(x) <ps < oo, for a.e. x €. Then

1 1
u(x)v(x)| de < 1—i——)u @ | V|| 7p(2)
[t do < (142 = 2 fulgollolps

for every u € LP®)(Q) and v € Lpl(x)“)).
Lemma A.4.2 (See [65])

1. The dual space of LPW(Q) is the space LF'*)(Q) if and only if p €
L%(8; (1, 00)).

2. If p € L®(S% (1,00)), then the set C3°(R) is dense in LP(*)(Q).
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Now we may introduce the generalized Sobolev spaces.

Definition A.4.2 Let p : Q — (1,00) be a measurable function such that 1 <

p1 < p(x) < py < o0, for a.e. x € Q, and m € N. The generalized Sobolev space
WmP()(Q) is defined by

wmrE)(Q) = { we LP@(Q)  |D(x)| € LP@(Q), for all 0<]a] <m }

The space W™P(®)(Q), endowed with the norm

[ullmoe =Y 1D/l o,

lo]<m
is a Banach space. The embeddings
POQ) ¢ L19(Q) and WP Q) ¢ wma@)(Q)

are true if and only if p(z) < ¢(z) a.e. in Q.

A.5. Auxiliary lemmas

Lemma A.5.1 (See [9]) If f(e,6) : Rf x Ry — R, then there exists a sequence
0(€) \\ 0 as € \, 0 such that

limsup f(e€,0(e)) < limsup limsup f(e,J).
e\0 e\0 5N\0

Lemma A.5.2 (See [49]) Let Q C RN be an open bounded set with |092] = 0 and
let N C Q be a null measure subset. Let (f;); be a sequence of functions in LP(2)
and (r)r be a sequence of functions 1, : Q\ N — R*. Then there exists a set of
points {ax;} C Q\ N and positive numbers {e;}, er; < ri(ag;), such that

1. {aki + skiﬁ}i is a family of pairwise disjoint sets, for every k € N;
2. Q= (aki + ekiﬁ) U Ng, with |Ng| = 0, for every k € N;
3. for every € € LP () and j € N,
oo
| @@ de = im > hlow | @

ki tER 2

The previous lemma is true for any positive Radon measure o, with open bounded
support, instead of the Lebesgue measure.
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Lemma A.5.3 (See [23]) The sequence {f;} is weak convergent to f in L' (Q;R?)
if and only if

1. \fjllpr £ K, foralljeN;

2. for every cube D C €1,

lim [ |f;@) = f(2) dx = 0
D

J—o0

3. (equi-integrability ) for every e > 0, there exists A = A(e) > 0, such that if E
is a measurable subset of Q0 with |E| < A(¢), then

/ |fj(x)] dv < e, for every j € N.
E

Lemma A.5.4 (See [23]) The bounded sequence {f;} in L'(2) is equi-integrable if

and only if
lim sup/ |fij(x)] dz | = 0,
k—oo jeN Egk

with Ejk ={zeQ : |fj(x)| >k}
Lemma A.5.5 (De La Vallée-Poussin criterion) (See [23]) The sequence {f;}
is equiintegrable in L (Q; Rd) if and only if

sup /Q G (If@)) do < oo, (A1)

JjEN
for some continuous function 1 : [0,00) — R such that

lim @
A

A—00

= o0. (A.2)

Lemma A.5.6 (See [40]) Let f : Q x R>™ — R be a quasiconver function such
that, for some c¢; > 0,

0 < f(z,A) < e (1+]A4]%) for a.e. z € Q and every A € R™,
Then there exists a constant ca > 0 for which

|f(.%',A1) — f(x,A2)| < c¢9 (1 + |A1| + ‘A2|)q_1|A1 — A2| VAl,AQ S Rdxn'
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