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ABSTRACT In this letter, we report that an essentially extended scaling version of
the Avramov model leads to a consistent relation between dynamic scaling and
thermodynamic properties in the thermodynamic scaling regime, which is valid
for a considered herein ionic liquid 1-butyl-1-methylpyrrolidinium bis[oxalate]-
borate (BMP-BOB), although the thermodynamic scaling works imperfectly for the
tested ionic liquid. Taking into account that the relation is suggested to be well-
grounded by an effective intermolecular potential based on the inverse power
law, this finding is meaningful because it shows that benefits originating from the
thermodynamic scaling idea and the newly developed Avramov model can
concern a wider class of materials than only supercooled van der Waals liquids,
and consequently the theoretical approachpresented herein canplay an important
role in the description of molecular dynamics near the glass transition.

SECTION Macromolecules, Soft Matter

A liquid is typically solidified into its disordered, glassy
state by sufficiently rapid cooling. An alternative way
of transforming a glass-forming liquid into an amor-

phous state is by applying hydrostatic pressure. In the past
decade, both methods were frequently exploited to study the
combined temperature-pressure dependence of the struc-
tural relaxation times in the vicinity of the glass-transition.
This type of study has been carried out mainly for van der
Waals liquids and polymers as well as for some H-bonding
systems. The obtained experimental data for relaxation times
τ(T,P) are a useful benchmark for the different theories deal-
ing with the glass transition phenomena, as it is for the
entropicmodel proposedbyAvramov.1 The first tests revealed
that the key equation of the model is appropriate to describe
the dramatic slowing down of the relaxation times of only
such glass-forming liquids that have a pressure independent
value of the fragility parameter.2 In order to include the more
frequent case,when fragilitydependsoncompression,Avramov
and co-workers3 recently modified the model (eq 1).

log τ ¼ log τ¥ þ Tg
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whereTg is the glass transition temperature determinedat the
relaxation time τg and zero pressure, the fitting parameter τ¥

means the relaxation time in the high temperature limit, and
β and Π are other fitting parameters. The exponent F(P) =
F0[1 - C/cp0 ln(1 þ P/Π)] is proportional to the fragility
parameter and is developed on the basis of its value F0 at
zero pressure. The development of F(P) involves the isobaric
heat capacity cp0 at zero pressure and an additional fitting
parameter C.

In general, the temperature and pressure/volume depen-
dence of the structural relaxation times can be analyzed by
using an equation of state (such as eq 1), or alternatively in
terms of a recently proposed concept of thermodynamic
scaling. According to the idea of thermodynamic scaling, both
isobaric and isothermal data can be scaled onto one master
curve if they are plottedagainstTVγ, where theexponentγ is a
characteristic material constant. The importance of this idea
relies on relating the exponent γ to many other key para-
meters characterizing the molecular dynamic behavior of
glass-formingmaterials, such as isochoric fragility, or the ratio
of Ev/EP reflecting the relative contributions of thermal energy
and density to the temperature dependence of τ. Moreover, it
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is very frequently implied that the exponent γ might also be
identified with the exponent appearing in the part of the soft
Lennard-Jones (LJ) potential, which is responsible for the de-
scription of intermolecular repulsive interactions. However, the
latter suggestion is still a matter of hot debate among various
groups dealing with the concept of thermodynamic scaling.4-14

The thermodynamic scaling was mainly examined in two
classes of glasses: van der Waals materials and polymers, but
there is no systematic study carried out in the vicinity of glass
transition for ionic liquids, which incorporate the Coulombic
interactions in the cohesive energy of glass formers.15

Although the thermodynamic scaling was formulated on the
basis of a purely phenomenological consideration, it can be
also justified on a theoretical ground. Casalini et al.16 demon-
strated its validity on the basis of the Avramov model con-
sidering the effect of volume instead of pressure on the
structural relaxation time τ:

log τ ¼ log τ¥ þ A
TVγ

� �D

ð2Þ

where D= 2cv/ZR, and

γ ¼ γG ¼ cP=cV -1
TRP

ð3Þ

are defined by the isobaric and isochoric heat capacities, cPand
cV, the isobaric volume expansivity RP, the gas constant R, and
the degeneracy Z of the system, i.e., the number of escape
channels for a locally moving particle. The importance of the
previous equation lies in the fact that it not only enables us to
parametrize the experimentally obtained relaxation times as a
function of T and V, but also provides the potential relationship
betweendynamicand thermodynamicquantities. Thevalidity
of eq 2 was examined for a number of small molecular liquids
by Casalini et al.16-18 Although these authors demonstrated
that eq 2 satisfactorily fits the experimental data, they found
significantdiscrepancybetween the twovaluesof theexponent
γ when calculated by different means, one determined from
fitting analysis to eq 2 (γ), and the other one calculated using
the thermodynamic quantities according to eq 3 (γG).

16,19 For
instance, for the prototypic van der Waals glass-forming liquid
o-terphenyl (OTP), they found the value of γG = 1.2 by the
analysis of thermodynamic properties, whereas γ≈ 4.0 results
from the analysis of dielectric relaxation times. The authors
identified the origin of this discrepancy as nonconfigurational
contributions to the Gr€uneisen parameter, attaining a good
agreement between γ and γG values.

16,19,20 Otherwise, Dyre's
group21 suggested that the Gr€uneisen parameter can be in-
directly related to the effective exponent of the intermolecular
potential valid for strongly correlated systems bymeans of the
isochoric specific heat and the excess (configurational) isocho-
ric specific heat. This last result has beenobtained in the limit of
strong correlation between the intermolecular potential energy
U and the virialW, where the effective exponent of intermole-
cular potential has been defined as γU-W� [Æ(ΔW)2æ/Æ(ΔU)2æ]1/2
by thermal averages of the fluctuations ΔU and ΔW of the
potential energy and virial. Dyre's group showed that such
U-W correlation ismet if the potential functionU can bewell
approximated by a function dominated by an inverse power

law, ar-3γU-W. In real systems, theU-W correlation cannot be
100%, e.g., due to attractive forces. Therefore, they argue
that the best scaling properties for real materials are
achieved if the difference between the potential U and the
inverse power law term is a linear function, i.e., the approxi-
mation function, f(r) = ar-3γU-W þ b þ cr. However, the
authors8,21 emphasize that the added linear term is justified
rather with no doubts only in isochoric conditions, because
then the term does not affect the fluctuations ΔU and ΔW. If
the system volume varies, the U-W correlation is expected
to become weaker, and actually such a scenario has been
observed for results of NPTmolecular dynamics simulations
compared with the corresponding NVT simulations.21

The purpose of this article is twofold: first, to check the
validity of the thermodynamic scaling in the vicinity of the
glass transition for the ionic liquid 1-butyl-1-methylpyrrolidi-
nium bis[oxalate]-borate (BMP-BOB), and second, to further
develop the Avramov model in order to remove the incon-
sistency often found between γ and γG values, without any
need for excluding the nonconfigurational contributions to
the parameter γG, such as vibrational and secondary modes,
and for considering any configurational thermodynamic
quantities at all.

Isobaric (at ambient pressure) and isothermal dependenc-
es of dielectric structural relaxation times of BMP-BOB re-
ported previously in ref 22 have again been used in this
work.23 Sincewe are fundamentally interested in the analysis
of the volume dependence of τ, it was essential to perform
additional PVT studies. The collected PVT data enabled us to
convert the pressure and temperature dependence of τ to the
volumeone. The detailed description of the apparatus for PVT
measurements is presented elsewhere.24 A few examples of
themeasuredV(T) isobars at labeledpressures are depicted in
Figure 1. The experimental points have beenparametrized by
means of the Tait equation:

VðT,PÞ ¼ ðV0 þV1TþV2T2Þ

1- 0:0894 ln 1þ P
b0 expð-b1TÞ

� �" #
ð4Þ

Figure 1. Plot of isobaric PVT data for BMP-BOB. Solid lines are fits
to eq 4.
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with the following values of the parameters: V0= 0.779 cm3/
g,V1=5.2�10-4 cm3

3 �C
-1/g,V2=7.7�10-7 cm3

3 �C
-2/g,

b0 = 287 MPa, and b1 = 4 � 10-3 �C-1.
Isobaric and isothermal relaxation data are plotted versus

specific volume in Figure 2. Having the structural relaxation
times converted to a T-V representation, we can now test the
usefulness of the thermodynamic scaling for the description
of themoleculardynamics of ionic liquids by plotting log τ as a
function of TVγ. The optimal value of exponent γ=3.7(0.1
was determined from a linear regression25 of log Tg on log Vg,
as shown in the inset of Figure 3. The glass transitionTg andVg
are defined herein as the temperature and volume, respec-
tively, in which the relaxation time achieves a value of 1 s to
limit extrapolations used to determine these parameters. It is
seen from the rescaled experimental data shown in Figure 3
that they do not all collapse into a single master curve. The
isothermal data measured at the lowest temperature slightly
deviate from the scaling curve, i.e., the isotherm at 261K is
characterized by its mean squared deviation from themaster
curve,which is equal to 0.54 decades of the relaxation time. In
fact, such a scenario for ionic liquids has been recently
considered by Dyre's group on the grounds of both computer
simulations and theoretical considerations.7 Dyre and co-
workers suggested that the thermodynamic scaling might
be broken down in the case of systems with more than only
one type of intermolecular repulsive interactions. Exactly
such a situation occurs in the case of ionic liquids since the
effective intermolecular potential is a superposition of the soft
LJ and Coulombic interactions. The authors26 also suggested
that the breaking down in the thermodynamic scaling in the
case of more than one type of intermolecular repulsive
interactions could be associated with the change of shape of
the structural relaxation peak calculated for different T and
P values at the same structural relaxation time τ. However,
BMP-BOB does not reveal such a change,27 and it could
explain the fairly good scaling observed for most of the
isothermal-isobaric relaxation data of BMP-BOB.

Taking into account that the value of exponent γ = 3.7 is
not so different from the values of γ for a number of typical
van derWaals liquids (OTP γ=4; PDE γ=4.5, PC γ=3.7),
we canconclude thatCoulombic interactionsdonotdominate
close to Tg in BMP-BOB. In this context, it is also of interest to
recall values of γ determined from viscosity or dielectric
measurements of a few other ionic liquids: γ = 2.25
(OMIM-BF4), γ = 2.4 (OMIM-PF6), γ = 2.9 (BMIM-PF6),

4

and γ=2.45 (Verapamil hydrochloride).28 In all these cases,
values of the exponent γ are smaller than 3.

Both the isobaric and isothermal structural relaxation times
plottedasa functionofvolumeinFigure2havebeenfitted toeq2.
Except for the isotherm at the lowest measured temperature,
all other experimental data are reasonably well represented by
the fitting curves. From the numerical fitting procedure char-
acterized by a quite good adjusted coefficient of determination
equal to 0.9969, the following set of parameters was obtained:
log τ0=-9.27,A=138,D=4.7,andγ=3.64. It canbenoted
that the value of exponent γ is very close to the one previously
determined from linear regression. Thenon-Arrhenius character
of the temperaturedependenceof τobserved in thevicinityofTg
in BMP-BOB reflects the changes both in thermal energy and
molecular packing. The role played by both effects can be
quantified by calculating the ratio EV/EP. This ratio characterizes
the relativeeffects ofdensityand temperatureonvariationof the
structural relaxation time with temperature. In order to deter-
mine the ratio EV/EP,we use the following equation derived in ref
29, which relates the ratio to the exponent γ:

EV
EP

�����
Tg

¼ 1
1þTgRPγ

ð5Þ

The value of EV/EP calculated from the previous equation is
equal to 0.63. The fact that this value for BMP-BOB is larger

Figure 2. Plot of isothermal and isobaric relaxation data for BMP-
BOB taken from ref 22. Solid lines are fits to eq 2, which has the
same mathematical form as eq 11.

Figure 3. Scaling of isothermal and relaxation data presented
herein in Figure 2. The inset shows the scaling exponent deter-
mined from the linear regression of the logarithmic dependence
of glass transition temperature on volume. The solid line denotes
the regression line, and the dashed lines outline its 95% con-
fidence band.
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than one-half indicates that the temperature exerts a some-
what greater effect onmolecular dynamics than density does.
A similar result has been obtained for a protic ionic liquid
Verapamil hydrochloride,28 where the thermodynamic scal-
ing also does not work properly.

Additionally, we have carried out measurements of the
specific heat capacity of BMP-BOB in order to be able to check
whether the identity γ=γG in eq3 is valid or not. The result of
this measurement is presented in Figure 4. It is worth noting
that the value of Tg = 233 K determined at τ = 1 s from
dielectricmeasurements is in very good agreementwith Tg=
230.6 K from the heat capacitymeasurements. From the data
in Figure 4, we estimate a value of the isobaric heat capacity
cp = 1.6 J/g�C in the vicinity of glass transition temperature.
Since in eq 3 the heat capacity is defined at constant volume,
we also use the well-known thermodynamic relationship to
convert cp to cv:

cv ¼ cp -
TVRp

2

KT
ð6Þ

where RP is the isobaric volume expansivity and κT is the
isothermal compressibility. Having already determined all
quantities appearing in eq 3, we calculated the value of
exponent γG=1.5. This value ismore than two times smaller
than the value of scaling exponent γ in eq 2 determined from
relaxation times. Thus,we found similar discrepancy between
γ and γG as in the case of van der Waals liquids.

Nextwe show that theabove-mentioned inconsistency can
be resolved if a more realistic assumption concerning the
distribution of energetic barriers in the Avramov model is
assumed. In the original Avramov model1 it is assumed that
the distribution of the activation barrier energies E for mole-
cular rearrangements can be approximately described by an
exponential dependence,

jðEÞ∼ exp
E- Emax

σ

� �
ð7Þ

with a constant value of Emax, where σ is the width of
distribution. The assumption that the maximal activation

barrier Emax is independent of density is not physically
justified. In fact, one should rather expect an increase of Emax

when the molecular packing is increased by compression or
by cooling of a liquid. Consequently, we suggest the following
dependence of Emax on density:

Emax ∼
F
F0

 !γEOS

ð8Þ

The exponent γEOS can be determined directly from the
analysis of PVT data by using the following equation of state
(EOS),11

P =
RTF
M

þ P0 þBðTÞ F
F0

 !γEOS

-1

2
4

3
5 ð9Þ

where B(T) is some temperature dependent parameter, M is
the molar mass, and (F0,P0) denote density and pressure in a
chosen reference state. Themeaning of this EOS in context of
the thermodynamic scaling relies on deriving30,31 it directly
from the generalized LJ potential32 or rather from its approxi-
mationmainly dependent on an inverse power law reflecting
repulsive interactions dominant between small-distanced
molecular species in viscous systems. Such an inverse power
law approximation for non van der Waals systems can also
include other intermolecular interactions, e.g., Coulomb inter-
actions, and it can work well for each system which obeys
the thermodynamic scaling. It is interesting that it is also
possible to estimate the value of the exponent γEOS from the
fitting analysis applying another EOS recently derived by
Papathanassiou:33

F
F0

 !γEOS

= 1þ γEOS
BTð0Þ P ð10Þ

whereBT(0) should be treated as the isothermal bulkmodulus
at zero pressure.14 It turns out that bothmethods provide very
similar values of γEOS ≈ 9.7.

Taking into account the assumptionwehavemade forEmax

(eq 8), one can easily derive a new formula for τ(T,P):

log τ ¼ log τ¥ þ A0

TVγ0

� �D

ð11Þ

This relationshiphasbasically the samemathematical formas
eq 2, but there is a fundamental difference in the meaning of
exponent γ0:

γ0 ¼ γEOS
D

þγG ð12Þ

Theprimarybenefit resulting fromeq12 is the explanation
of the differenceoften foundbetween the scaling exponentγ0
and the Gr€uneisen parameter γG, which is determined by the
scaling exponent γEOS characterizing the repulsive part of the
intermolecular potential. To check the validity of this new
relationship we calculated from eq 12 a value of γG = 1.6. As
wehave already herein reported a very similar value ofγGwas
determined from eq 3 using thermodynamic quantities,
showing the validity of the formalism presented. Thus, a
new important relationship has been established correlating

Figure 4. Plot of the temperature dependence of heat capacity for
BMP-BOB, showing the glass transition.
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molecular dynamic and thermodynamic properties of super-
cooled liquids.

In summary, we have found that the thermodynamic
scaling works well but not perfect for the studied ionic liquid
BMP-BOB. Nevertheless, we have been able to establish a
consistent relation (eq 12) between the scaling exponent γ0
and the thermodynamically definedGr€uneisen constant γG. It
has been achieved by developing the Avramov model, where
we implemented the exponent γEOS that has been previously
suggested (mainly on the basis of investigations of van der
Waals liquids)11 to be related to the exponent of the repulsive
part of the generalized LJ potential or its inverse power law
approximation. In this way, we showed that the important
relation (eq 12) between the scaling of molecular dynamics
and the thermodynamic properties, both based on the same
effective intermolecular potential dominated by an inverse
power law term, is valid for the herein analyzed ionic liquid
BMP-BOB. This meaningful finding leads to the conclusion
that the relation given by eq 12, which has been very recently
successfully verified for supercooled van der Waals liquids,34

can be appropriate for a wider class of materials, and thus it
can have amore general character, i.e., it canwork properly at
least in such cases where the total effective intermolecular
potential (including Coulomb and LJ interactions for ionic
liquids) can be approximated by a function of one inverse
power law term giving a dominant contribution to the total
intermolecular force field. It is worth noting that such an
approximated scenario looks justified if the thermodynamic
scaling is valid, becauseone canexpect that the inverse power
law potential term is still responsible for the thermodynamic
scaling, although its exponent straightforwardly corresponds
to 3γEOS and is only indirectly related to the scaling exponent
γ0 according to our approach, i.e., otherwise as it is inworks of
other authors4-10,21,26 who rather relate the exponent of the
inverse power law approximation to the exponent that en-
ables to scale structural relaxation times or viscosity data.
Consequently, the proposed extension of the Avramovmodel
finally represented by eq 11 can play an important role in the
theoretical description of molecular dynamics near the glass
transition.
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